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Abstract

This paper develops a general framework for identifying causal effects in settings with
spillovers, where both outcomes and endogenous treatment decisions are influenced by peers
within a known group. It introduces the generalized local average controlled spillover and direct
effects (LACSEs and LACDEs), which extend the local average treatment effect framework to
settings with spillovers and establish sufficient conditions for their point identification without
restricting the cardinality of the support of instrumental variables. These conditions clarify
the necessity of commonly imposed restrictions to achieve point identification with binary
instruments in related studies. The paper then defines the marginal controlled spillover and
direct effects (MCSEs and MCDEs), which naturally extend the marginal treatment effect
framework to settings with spillovers and are nonparametrically point identified from continuous
variation in instruments. These marginal effects serve as building blocks for a broad class of
policy-relevant treatment effects, including some causal spillover parameters in the related
literature. Semiparametric and parametric estimators are developed, and an application using

Add Health data reveals heterogeneity in education spillovers within best-friend networks.
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1 Introduction

In econometric analyses of treatment effects, the Stable Unit Treatment Value Assumption
(SUTVA) is typically imposed, requiring that each individual’s potential outcomes depend
only on their own treatment assignment and not on the treatment assignments of others.
This assumption, however, may fail in environments involving social interactions or group
structures, where one unit’s treatment can influence another’s outcome. In such contexts,
the SUTVA is unlikely to hold. In addition, treatment assignment may be endogenous,
particularly in observational studies or randomized experiments with imperfect compliance,
which further complicates the identification of causal parameters.

This paper develops a new framework for identifying causal effects in environments
with within-group spillovers and endogenous treatments, such as education decisions among
friends or pricing choices in oligopolistic markets. The framework explicitly accounts for two
sources of SUTVA violations: individual outcomes may depend on peers’ treatment selec-
tion, and individual treatment decisions may be influenced by instruments assigned to other
group members.

To begin, the paper introduces the generalized local average controlled spillover and direct
effects (LACSEs and LACDEs), which measure treatment effects from peers and from one’s
own treatment, respectively, for specific subpopulations. These parameters extend the local
average treatment effect (LATE) framework (Imbens and Angrist, 1994) by allowing for
spillovers in both outcomes and endogenous treatment decisions. This paper is the first to
formally establish conditions under which the LACSEs and LACDESs can be point identified
for specific subpopulations, and to derive general point identification results that do not
rely on the cardinality of the support of instrumental variables. The results characterize
the precise variation in instruments required to achieve point identification of local effects in
environments with within-group spillovers and endogenous treatments.

When the instrumental variables exhibit continuous variation, the analysis introduces
the marginal controlled spillover and direct effects (MCSEs and MCDEs), which measure
the effects of peers’ and individuals’ own treatments conditional on specific values of un-
observed characteristics within the group. These parameters naturally extend the marginal
treatment effect (MTE) framework (Heckman and Vytlacil, 2001, 2005) to settings with
spillovers. The paper first establishes the nonparametric point identification of the MCSEs
and MCDEs from continuous variation in instruments, without imposing functional form
restrictions on the outcome equation or the joint distribution of unobserved characteristics
across group members, thereby accommodating flexible forms of spillovers. Similar to the
standard MTE, the MCSEs and MCDESs serve as building blocks for identifying a broad class



of policy-relevant treatment effects (PRTEs), including the LACSEs and LACDEs, as well
as other PRTEs arising from counterfactual policy changes, facilitating policy evaluation in

environments with spillovers.

Organization of the Paper

Section 2 develops the framework with within-group spillovers and endogenous treatments,
formally defining, identifying, and analyzing the causal parameters of interest. Section 2.1
introduces an outcome model that allows each unit’s potential outcome to depend flexibly
on the entire vector of treatments within the group, capturing spillover effects from peers’
treatment decisions on own outcomes. Treatment selection follows a single-index threshold-
crossing structure, in which an individual receives treatment if her unobserved characteristic
falls below a threshold function determined by her own and her peers’ instrumental vari-
ables. This structure, which can be interpreted as the equilibrium behavior of a simultaneous
incomplete-information game (Aradillas-Lopez, 2010), captures how peers’ instruments can
influence individual treatment decisions. Importantly, this framework imposes no parametric
restrictions on the outcome equation or the threshold function and allows for arbitrary de-
pendence among unobserved characteristics across group members, accommodating a broad
range of environments in which spillovers may be present.

Section 2.2 defines and identifies two causal parameters, the generalized local average
controlled spillover and direct effects. The term “generalized local” indicates that these
effects are defined for specific subpopulations of groups, while “spillover” and “direct” refer
to the sources of treatment variation from peers and from the individual herself, respectively.
The term “controlled” highlights that one treatment dimension, either own or peer, is held
fixed when measuring the effect of the other. This section establishes general conditions under
which the LACSEs and LACDEs are point identified, without requiring the instrumental
variables to be either discrete or continuous, as long as they generate the required variation
for identification. These identification conditions also clarify the rationale for additional
restrictions, such as one-sided noncompliance, which are often imposed to achieve point
identification with binary instruments (e.g., Vazquez-Bare (2022)).

Section 2.3 establishes that when instrumental variables exhibit continuous variation,
the marginal spillover effect and marginal direct effect are nonparametrically point identi-
fied without requiring functional form assumptions on the outcome equation. In addition,
the joint distribution of unobserved characteristics across group members is nonparametri-
cally identified over the support of the observed treatment probabilities, without imposing

parametric restrictions on how these unobserved factors are distributed. The MCSEs and



MCDEs are defined analogously to the LACSEs and LACDEs but condition on a specific
realization of unobserved characteristics within each group. By conditioning on the latent
characteristics of all group members, these parameters flexibly capture heterogeneity in both
direct and spillover effects that arise from variation in unobserved factors. Section 2.4 fur-
ther demonstrates that the marginal controlled effects form the basis for identifying a broad
class of policy-relevant treatment parameters. By integrating the MCSEs and MCDEs over
appropriate regions of the unobserved heterogeneity distribution, one can recover the LAC-
SEs, LACDESs, and other treatment effect parameters associated with counterfactual policy
interventions.

Section 2.5 formally compares the MCSEs and MCDEs with the standard MTE and
shows that, in the presence of spillovers, the conventional MTE may lose its causal inter-
pretation, whereas in the absence of spillovers, the MCSEs and MCDESs coincide with the
standard MTE. These results demonstrate that the MCSE-MCDE framework provides a
natural generalization of the MTE framework to accommodate environments with spillovers.
Section 2.6 derives testable implications implied by the model structure and the identification
assumptions.

Section 3 develops a semiparametric estimation procedure for the MCSEs and MCDEs,
extending the framework of Carneiro and Lee (2009) to accommodate within-group spillovers.
The proposed approach mitigates the curse of dimensionality associated with covariates while
maintaining the model’s nonparametric flexibility, as the key structural components other
than the covariate adjustment are left unrestricted. The section also establishes the asymp-
totic properties of the semiparametric estimators. Because these estimators converge at
nonparametric rates, their finite sample precision may be limited in small samples or when
groups include a large number of members. To address this concern, a complementary para-
metric framework is introduced, relying on intuitive assumptions that enable straightforward
implementation and facilitate valid inference through nonparametric bootstrap methods.

Section 4 presents both parametric simulation results and an empirical application. Sec-
tion 4.1 presents Monte Carlo simulation results for the parametric estimation procedure,
demonstrating the strong finite-sample performance of the proposed parametric methods.
Section 4.2 implements the proposed framework empirically using the parametric proce-
dure. The analysis examines how education attainment affects long-term earnings within
best-friend groups, drawing on data from the National Longitudinal Study of Adolescent to
Adult Health (Add Health). The results indicate positive dependence between friends’ unob-
served characteristics and reveal systematic heterogeneity in the marginal controlled direct
and spillover effects. The estimated MCDEs of completing 16 years of education are signif-

icantly positive when the best friend has also attained this level of education across most



values of the latent characteristics, but become statistically insignificant when the friend has
not. Similarly, the estimated MCSEs are significantly positive for individuals who completed
16 years of education across most values of the latent characteristics, whereas for those who
did not, the spillover effects are insignificant and even negative for certain ranges of un-
observed heterogeneity. These results provide empirical evidence of heterogeneous spillover
effects of education on long-term earnings within friendship networks, highlighting how their
magnitude and direction depend on both individuals’ and peers’ education attainment.
The framework can be extended to accommodate additional settings. Section 5 gen-
eralizes the analysis to cases where outcomes depend on an exposure mapping, which is a
known function of group members’ treatment statuses, rather than the full treatment vector.
This extension is particularly relevant when group sizes vary or are large, making the full
treatment representation impractical. The section formally defines the MCSEs and MCDEs
under this extended setting and establishes their nonparametric point identification using

continuous instrumental variables.

Related literature

Recent research has devoted increasing attention to the identification and estimation of
treatment effects in the presence of spillovers. This paper contributes to several key strands
within this growing body of work.

A common strategy for addressing interference has been to impose parametric structures
on social interactions. For instance, Manski (1993) discussed the linear-in-means model,
formulated as a system of linear simultaneous equations to capture endogenous, exogenous,
and correlated peer effects. Building on this result, subsequent work, such as Bramoullé,
Djebbari, and Fortin (2009) and Blume et al. (2015), extended the framework to more com-
plex forms of interaction within linear models and derived conditions under which social
effects can be identified. However, they fundamentally rely on correct parametric assump-
tions regarding the structure of social interactions. Such assumptions may lead to model
misspecification, particularly in the presence of nonlinear spillovers or heterogeneity across
individuals. The framework developed in this paper departs from such reliance on parametric
restrictions by studying identification under a nonparametric structure in both the outcome
equation and the treatment selection mechanism. This design accommodates flexible and po-
tentially complex spillover mechanisms and provides a robust framework for causal analysis
in environments with within-group interactions.

In the main setting considered, an individual’s outcome depends on the full vector of

treatments within the group, consistent with the treatment response framework of Manski



(2013). Within the context of randomized controlled trials (RCTs), Hudgens and Halloran
(2008) and Aronow and Samii (2017), along with related studies, formalized design-based
frameworks for analyzing interference. The framework in this paper extends this line of re-
search by allowing for noncompliance, so that individuals may not adhere to their assigned
treatments. This feature is important in observational studies, where treatment status is
not fully controlled by the researcher, and in experimental settings where imperfect compli-
ance may occur. The analysis adopts a large-sample framework rather than a design-based
approach to study causal identification under endogenous treatment selection.
Vazquez-Bare (2022) employed a potential outcomes framework to analyze similar set-
tings with spillovers operating through both outcomes and treatment selection, using a binary
instrumental variable for identification. His approach classifies individuals into discrete com-
pliance types according to how their treatment choices respond to changes in instruments and
focuses on identifying local average spillover and direct effects for each specific type, which
are closely related to the LACSEs and LACDESs introduced in this paper. He achieved point
identification by excluding certain subpopulations under one-sided noncompliance, a restric-
tion also used in related work such as DiTraglia et al. (2023). This paper establishes general
identification conditions for the LACSEs and LACDESs, which clarify why one-sided non-
compliance is required for point identification when the instrumental variable is binary. This
paper further employs a continuously distributed instrumental variable to point identify the
marginal controlled direct and spillover effects, defined conditional on continuous realizations
of latent characteristics within groups. This approach connects the analysis to the marginal
treatment effect literature and establishes the marginal effects as fundamental components
for identifying a wide class of policy-relevant treatment effects. In particular, aggregating
these marginal effects recovers the local average direct and spillover effects in Vazquez-Bare
(2022), as well as other causal parameters under counterfactual policy interventions.
Recent studies, including Balat and Han (2023) and Hoshino and Yanagi (2023), use
instrumental variable methods to identify spillover effects in settings with direct strategic
interactions among agents, where each individual’s treatment choice directly depends on the
treatment decisions of other group members. Frameworks with direct strategic interactions
assume that an individual’s treatment decision does not directly depend on the instruments
assigned to other group members, thereby ruling out spillovers from peers’ instruments in
the treatment selection process. In contrast, the framework developed here does not model
explicit strategic interactions in treatment choices but allows each individual’s treatment
decision to depend on instruments assigned to other group members. This structure can
be interpreted as the equilibrium outcome of a simultaneous incomplete-information game,

following Aradillas-Lopez (2010), and thus provides a complementary perspective to models



that incorporate direct strategic interaction.

The spillover framework developed in this paper and the multivalued treatment frame-
work are not nested. When the group is treated as a single decision-making unit, the group
treatment vector can be reformulated as a multivalued group-level treatment. This links
the setting to multivalued MTEs such as Lee and Salanié (2018). When applied to spillover
contexts, identification in Lee and Salanié (2018) relies on an exclusion restriction that an
individual’s treatment does not depend on peers’ instruments, whereas the framework de-

veloped here allows and models such spillovers from peers’ instruments.

2 Model

2.1 Setting

I consider a sample of G independent and identically distributed (i.i.d.) groups, indexed
by g = {1,--- ,G}. Each group consists of the same number of units, denoted by n > 2.
For example, a group may correspond to a market with several competing firms or to a
household with multiple members. Within each group, units are indexed by i = {0,--- ,n —
1}. Throughout, I assume that spillover effects operate only within groups and do not extend
across groups.

Researchers are often interested in how a treatment affects an outcome. Let Y, denote
the outcome of interest for unit ¢ in group ¢, and let ) denote its support. In some set-
tings, the outcome Y;; may depend not only on unit i’s own treatment status but also on
the treatment choices of other units within the same group. For example, a firm’s mar-
ket share is influenced both by its own pricing decisions and by those of its competitors.
Within a friendship network, an individual’s labor earnings may be influenced by her best
friend’s education attainment, not only through direct support or access to resources, but
also through information-sharing or social learning mechanisms that facilitate the transmis-
sion of knowledge about opportunities, norms, and strategies. In such contexts, the Stable
Unit Treatment Value Assumption (SUTVA) may be violated, which motivates researchers
to develop models that explicitly allow for spillover effects in outcomes.

The binary treatment decision of unit ¢ in group g is denoted by D;, € {0,1}, where
D,y = 1 indicates that unit 7 adopts the treatment and D;; = 0 otherwise. In many appli-
cations, treatment decisions are not randomly assigned but instead depend on unobserved
characteristics that also influence outcomes, giving rise to endogeneity concerns. For in-
stance, a firm’s pricing decision or an individual’s education choice may both be endoge-

nously determined. In group settings, units may make their decisions simultaneously, taking



into account private information as well as expectations about the behavior of other group
members. Each unit’s decision depends on its own private information, denoted by V4, as
well as on its expectations about the probability that other members of the group will adopt
the treatment. Units form their expectations on the basis of publicly observed variables
(Zig, Z_i4), where Z;; denotes the random assignment received by unit ¢ in group ¢, and
Z_;q) thus

serves as the set of instrumental variables for addressing endogeneity in treatment decisions.

Z_;4 denotes the assignments of the remaining group members. The vector (Zq,
Since each unit’s treatment choice may respond to the assignments received by other group
members, these instruments can also induce spillover effects in treatment selection.
Building on the setting described above, consider the following model for unit ¢ in group
g, where the peer of unit ¢ is denoted by —i. For clarity of exposition, I focus on the case
in which each group g consists of two units, indexed by i = {0, 1}, while noting that the
identification and estimation results extend straightforwardly to groups with more than two

members:

(1)

Y;g = mi(Diga D—iga Uiga U—ig)
Dig =1 {Vig < hig(Ziga Z—ig)}-

The first line of Equation (1) specifies the outcome equation. In this framework, unit 4’s
outcome Y;, depends on her own treatment D;, and on her group member’s treatment, D_;,,
which explicitly models spillover effects. Importantly, I also allow Y;, to depend on both unit
’s own unobservables U;, and the unobservables of her group member, U_;,. For example,
in the oligopoly market, this specification captures the possibility that firm i’s market share
Y, is influenced not only by its own unobserved product characteristics U;, but also by the
unobserved product characteristics of its rival, U_;,.

Throughout the paper, I define the potential outcome for unit ¢ when her treatment is
set to d and her group member’s treatment to d' as Y;,(d,d") = m;(d,d’,U;;,U_;;). The

observed outcome Yj, is determined according to the following equation,

Yig =(Yig(1,1)D_ig + Yig(1,0)(1 — D_y)) D;g
+ (Yig(()u 1)D—ig + Yig<0a 0)(1 - D—ig))(l - Dig)-

This paper focuses on identifying reduced-form causal effects arising from a unit’s own treat-
ment and peers’ treatments, rather than the underlying structural parameters specified in
structural equations. A detailed comparison with a system of structural equations is provided
in the Appendix A.1.

The framework imposes no functional form restrictions on the outcome equation m;, and



the subscript ¢ indicates that each group member, i € {0,1}, may have a distinct outcome
equation, meaning their functional forms are not required to be identical. It also places no
restrictions on the dimension of the unobserved components (U;,, U_;;). Consequently, the
influence of the peer’s treatment D_;, on unit ’s outcome Yj, remains fully unrestricted.
This generality provides a flexible structure that accommodates complex and heterogeneous
spillover patterns in outcomes.

The second line of Equation (1) characterizes the treatment selection mechanism. The
treatment decision of unit 4, D;,, may be endogenous because it is determined by a con-
tinuous unobserved factor Vj, that can also influence the outcome. The treatment selection
D, depends only on the unit’s own unobservable V;, and not directly on her group mem-
ber’s unobservable V_;,. This restriction is plausible in many applications. For example, in
the oligopoly market discussed above, a firm’s pricing decision is driven by its own private
demand shock, while the competitor’s demand shock is unobserved and therefore cannot
directly affect the firm’s decision rule. In the returns to education example, an individual’s
education decision is determined solely by her own education costs. The best friend’s edu-
cation costs, which are unobserved to the individual, do not directly influence her schooling
decision.

Crucially, it is empirically reasonable to allow the unobserved factors V;, and V_;, to
be arbitrarily dependent, since group members often share related unobserved characteris-
tics or are exposed to common shocks. This dependence further complicates identification,
and the framework accommodates it without imposing parametric restrictions on the joint
distribution of unobservables. This flexibility accommodates a wide range of empirically
relevant correlations. In the oligopoly setting, correlation across firms’ idiosyncratic shocks
arises naturally. For instance, a market-wide change in consumer tastes or a new advertising
regulation may simultaneously affect how all products are perceived by consumers, thereby
inducing correlation between the demand shocks V;, and V_;,.

I model the treatment selection mechanism using a single threshold crossing rule: unit
s chooses to take the treatment, D;, = 1, if the unobserved factor V;, € R does not exceed
a threshold h;(Zi4, Z_;5), where h; : RF x R¥-i +— R is an unspecified function. I do not
impose a parametric form on the threshold function A;, and the subscript ¢ emphasizes that
its functional form may differ across units ¢ € {0,1} within the same group. In contrast to
complete information games, where unit ¢’s treatment D;, directly depends on the treatment
decision of her peer D_;,, my framework is consistent with a simultaneous-move game with
incomplete information, as studied by Aradillas-Lopez (2010) and related papers. In this
setting, D,, corresponds to player i’s action, and (Z;4, Z_;;) represent publicly observed

signals that serve as instrumental variables. Each unit observes (Z,

igs Z—ig) and forms beliefs



about the joint treatment choices within the group, specifically the probability P(D;, =
1,D_,, = 1| Zy,,Z_,), and then chooses her treatment based on these beliefs. Thus,
treatment decisions are interdependent through expectations rather than through observing
others’ realized treatment choices. As shown in Aradillas-Lopez (2010), the optimal decision
rule in such simultaneous-move incomplete information game is consistent with a single-index
threshold-crossing structure of the form in Equation (1). Appendix A.2 provides a detailed
discussion.

For identification, which I discuss in detail later, the instrumental variables (Z;;, Z_; )
U_iy,V;

must be independent of the unobserved heterogeneity (U, igs
must not directly affect the outcomes (Y;,,Y_;,). In studies that focus on complete infor-

ig» V_;4) in the group and

igs
mation setting, such as those analyzed by Balat and Han (2023) and Hoshino and Yanagi
(2023), strategic interactions between D;, and D_;, are modeled explicitly, but unit i’s treat-
ment is not allowed to depend on her group member’s instrument Z_;;. A distinguishing
feature of this framework is that it does not rely on any additional exclusion restrictions
on instruments: I allow the treatment D;, to depend on both the unit’s own instrument

Ziq and the peer’s instrument Z_;,, thereby accommodating potential spillovers from instru-

ig>
ments into treatment decisions. Moreover, the instrumental variables may take the form of
common public signals observed by all group members, so that the same variable Z serves
as the instrument for each member, or unit-specific instruments that vary across members,
Zig # Z_;g. This framework accommodates both shared and individual sources of exogenous
variation.

Figure 1 presents a directed acyclic graph (DAG) that illustrates the causal relationships
among the key variables within group g. The red arrows represent spillover channels: unit ¢’s
outcome Y;, may depend on her peer’s treatment D_; 4, and her treatment D;, may depend
on her peer’s instrument Z_;,. Direct interaction between treatments D;, and D_;,, however,
is ruled out. The unobserved heterogeneity V;, and V_;, introduce endogeneity, as they may
simultaneously affect both treatments and outcomes. Those are represented by the black
dashed arrows. The blue dashed arrow reflects potential dependence between V;, and V_;,,
for which I do not impose any functional restrictions.

Assumptions 1-3 set out the maintained restrictions on the key variables that are imposed

throughout the paper.

Assumption 1. (Random assignment) The instrumental variables assigned to all members

within a group are jointly independent of the group’s unobserved heterogeneity:

(Ziga Z—ig) i (‘/iga V—iga Uiga U—ig)
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Group g = 1, ..., G i.i.d.

Figure 1: Causal relations under spillover setting

for i, —i € {0, 1}.

Assumption 1 requires that instruments are randomly assigned at the group level, im-
plying that the group-level instrument vector (Z;,, Z_;,) is independent of the unobserved
heterogeneity of all units in the group. This assumption places no restrictions on the depen-
dence structure between Z;, and Z_;; within a group. The instruments may be arbitrarily
correlated across units within a group, as long as they remain jointly independent of the

unobserved heterogeneity (Vig, V_ig, Uig, U—ig).

Assumption 2. (Exclusion restriction) Given dy,d; and ug,u;, the instrumental variables
(Zig, Z_ig) do not directly affect the outcome Y,

/ /
m; (d07 d17 20, %1, Ug, ul) =m; (d07 d17 20y 215 U0, ul)

/ !/
for any 2y # 2{, and 21 # 21.

Assumption 2 requires that the instruments affect the outcome only through their influ-
ence on treatment take-up, without exerting any direct effect on the outcome. This condition
corresponds to the standard exclusion restriction commonly imposed in instrumental variable

analyses.

Assumption 3. (Distribution of V;;) The unobserved variable Vj, is continuously dis-
tributed.

Assumption 3 requires that the unobserved heterogeneity V;, has a continuous distri-
bution, which is a common condition in the literature. Under this assumption, V;, can be

normalized to follow a uniform distribution on the interval (0, 1).
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Another implicit restriction embedded in the treatment selection equation is a mono-
tonicity structure. Specifically, consider the case in which instruments Z;;, and Z_;; are
binary, taking values in {zg, z;}. If the threshold function satisfies the following ordering
condition:

hi(z0, 20) < hi(z0, 21) < hi(21, 20) < hi(21, 21),

for all group members ¢ and —7, then the treatment selection equation implies a corresponding
monotonicity property for treatment take-up, consistent with the condition studied in the

literature (e.g., Vazquez-Bare, 2022):
Dig(20,20) < Dig(20, 21) < Dig(21, 20) < Dig(21, 21),

for each ¢ and —¢ within group g.

The proposed framework applies to a broad class of empirical settings where spillovers
operate through both outcomes and endogenous treatment decisions. Illustrative examples
include oligopoly markets, where firms’ pricing decisions may influence competitors’ market
shares, and education contexts, where an individual’s labor market outcomes depend on the
best friend’s schooling decision. More broadly, the framework can be extended to settings
such as households, where behaviors involving risky activities generate spillover effects on

the health outcomes of other members.

Example 1. (Duopoly market: pricing decisions) To illustrate, consider an oligopoly market
with two competing firms, Costco and Sam’s Club. Each firm decides whether to raise the
price of its membership card and is interested in how this decision affects its market share. A
firm’s market share depends not only on its own pricing decision but also on its competitor’s
pricing strategy, giving rise to spillover effects from one firm’s decision to the other’s outcome.

Assume that pricing decisions are made simultaneously and that neither firm observes the
other’s choice at the decision stage. Costco’s decision, denoted by D;4, depends on a private
demand shock V,, such as an idiosyncratic change in reputation or advertising effectiveness,
that is unobserved by Sam’s Club. This unobserved factor affects both Costco’s incentive
to raise its membership price and its resulting market share Yj,, thereby introducing endo-
geneity. Although each firm does not directly observe its competitor’s pricing decision, both
form expectations about rival behavior based on publicly observed market signals (Z;4, Z_;,),
such as industry-wide cost shocks like tariffs, which are plausibly exogenous and can serve as
valid instruments. Moreover, a tariff shock affecting Sam’s Club may also influence Costco’s
pricing decision, generating instrumental spillovers from one firm’s assignment to the other’s

endogenous treatment.
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Example 2. (Friendship Network: education decision) Consider a friendship network con-
sisting of two best friends who decide whether to pursue higher education. Each individual’s
education choice may affect not only her own future earnings but also her friend’s, generating
spillover effects through information sharing, social learning, or mutual support mechanisms.

Assume that education decisions are made simultaneously and that neither friend ob-
serves the other’s choice at the decision stage. Each individual’s decision depends on an id-
iosyncratic unobserved factor, such as intrinsic academic motivation or costs, that influences
both the probability of attending college and future earnings, thereby creating endogeneity.
While friends do not observe each other’s choices, their education decisions may be jointly
influenced by shared public characteristics, such as the average family background of class-
mates in their school cohort. This shared characteristic can serve as a plausible instrumental
variable, as it is typically exogenous to individual-specific unobserved ability but may affect
education choices through peer effects (see Bifulco, Fletcher, and Ross (2011); Bifulco et al.
(2014); Cools, Fernandez, and Patacchini (2019)). The individual is also exposed to public
characteristics associated with her best friend, generating instrumental spillovers from the

friend’s assignment to the individual’s endogenous education decision.

2.2 Local Average Effects and Identification Strategy

A central insight from the treatment effect literature is that, when treatment assignment is
endogenous, causal effects can often be identified for specific subpopulations defined by the
instrument, for example, the local average treatment effect (LATE) in Imbens and Angrist
(1994) and related studies. However, in the presence of spillovers, individuals’ outcomes
depend not only on their own treatment but also on the treatments received by others in
their group. The spillovers complicate the interpretation of conventional LATE parameters,
as variation in peers’ treatments introduces additional causal channels. To disentangle these
channels, this section extends the LATE framework to define local average effects that sepa-
rately capture the causal effect of peers’ treatments on an individual’s outcome and the direct
effect of the individual’s own treatment. These parameters retain the causal interpretability
of LATE while accommodating the presence of endogenous treatment and spillovers within
groups. The identification of these local average effects further motivates the development of
a framework based on marginal treatment effects, which explicitly accounts for spillovers op-
erating through both treatment selection and outcomes, as formalized in Section 2.3. Since
the identification analysis is conducted at the level of a super-population of groups, I suppress
the group subscript g throughout this section to simplify notation.

Building on the framework introduced in Section 2.1, the expected potential outcome

13



Y;(d,d") generally depends on both the individual’s and her peers’ unobserved characteristics,
(Vi, V_;). Following the terminology in the literature, I refer to the conditional expectations
E[Yi(d,d") | (V;,V_;) € P], where P denotes a subset of the support of (V;,V_;), as local
average potential outcomes. These parameters capture the average potential outcomes for
subpopulations defined by specific values of the group-level unobservables, which reflect the
underlying unobserved heterogeneity in the population. Taking appropriate differences be-
tween local average potential outcomes under different treatment combinations (d, d’) yields
the average spillover effects from peers’ treatments and the direct effects from a unit’s own

treatment. Definition 1 provides formal definitions of these parameters.

Definition 1. (Generalized local average controlled effects) Consider the model in Equation
(1).
1. Fix the treatment of unit ¢ at D; = d, d € {0,1}. The generalized local average

controlled spillover effect (LACSE), conditional on the group-level unobserved hetero-
geneity satisfying (V;, V_;) € P for some subset P C (0,1)?, is defined as as

LACSE!Y (P) = E[Yi(d, 1) — Yi(d,0) | (V;,V_;) € P].

2. For unit i, fix the peer’s treatment at D_; = d, where d € 0,1. The generalized local
average controlled direct effect (LACDE), conditional on the group-level unobserved

heterogeneity satisfying (V;, V_;) € P for some subset P C (0,1)?, is defined as as

LACDE{"(P) = E[Yi(1,d) — Y;(0,d) | (V;,V_;) € P].

The generalized LACSEs capture counterfactual spillover effects by exogenously fixing a
unit’s own treatment, whereas the generalized LACDESs capture counterfactual direct effects
by exogenously fixing peers’ treatments. Both effects are defined conditional on a subpop-
ulation characterized by (V;,V_;) € P, in the same spirit as the LATE widely studied in
the literature. These parameters possess clear causal interpretations, as they disentangle
the distinct influence channels of a unit’s own treatment and peers’ treatments, while al-
lowing for unobserved treatment effect heterogeneity through conditioning on group-level
unobservables. I now establish the identification of the generalized LACSEs and LACDEs
using instrumental variables under Assumptions 1-3. It is worth noting that this identi-
fication result accommodates both discrete instruments with multiple support points and
continuously distributed instruments.

I define the propensity score function for unit ¢ as the probability of treatment conditional
on the group-level instrument vector, P;(Z;,Z_;) = P(D; = 1 | Z;,Z_;). 1 denote this
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function simply by P; and define the support of the propensity scores for all group members
as P = Supp(F;, P_;). The propensity score function P; identifies the threshold function
h; in the treatment selection equation for each group member 7, as demonstrated in the
following derivation:
P(D;=1|2Z;=20,Z_i = =)
:]P(Vi < hi(Zo,Zl) ‘ Zi = 20,4_; = Zl) (2)
=P (V; < hi(z0,21)) = hi(20, 21)-

Additionally, the propensity scores (P;, P_;) are independent of all group members’ unob-
served heterogeneity, since they are functions of the instruments (Z;, Z_;).

Building on the identification of the propensity score, Theorem 1 establishes the identi-
fication of the generalized LACSEs and LACDEs.

Theorem 1. (Identifying generalized LACSEs and LACDEs) Suppose that Assumptions
1-3 hold and let d € {0,1}. Under the following conditions, the generalized LACSEs and
LACDES defined in Definition 1 can be identified.

1. Suppose there exist (po, p1), (Po, Py) € P, Py > p1- The local average controlled spillover
effect, LACSE,EU(P) for P ={V; < po,p1 < V_; <p}}, can be identified as
(1)

(1)
17 (o, D)) — #i g (Po, P1)
LACSEED ‘/; < Do, P1 < V—i < p/ _ Mg 1,4
( 0, P1 1) C(po. 1) — C(po, p1)

The local average controlled spillover effect, LACSEEO)(P) for P = {V; > po,p1 < V_; <
Py}, can be identified as

LACSE” (V; > po,p1 < Vi < p}) = ’
2( Do, P1 <p1) (py — p1) — [C(po.p}) — C(po,p1)]

where ,u(d)(pmpl) = EY;1{D; = d} | P, = po, P_; = p1], and C(po,p1) = E[D;D_; |

Py = po, P_; :Pl]-

2. Suppose there exist (po,p1), (py, p1) € P, py > po- The local average controlled direct
effect, LACDEEI)(P) for P = {po < V; < pj, V_; < p1}, can be identified as
1t (0 1) — 1t s (po, 1)

LACDE! (py < Vi < p, Vi < p1) =
(2o o Vo P = TG0 ) = Clpon )

The local average controlled direct effect, LACDEEO)(P) for P = {py <V, < pp, V_; >
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p1}, can be identified as

“z(,ozi(pf)vpl) - Mz(,()_)i(po,pl)

(p6 - po) - [C(p6>p1) - C(po,pl)} ’

LACDE! (po < V; < pp, Voy > p1) =

where i (po, p1) = E[V;1{D_; = d} | P = po, P; = pu].
3. Suppose there exist (po, p1), (po,P), (9o, P1), (P, P}) € P. The local average controlled
spillover effect, LACSEEd)(P) for P ={po < Vi < pl,p1 < V_; <pl}, can be identified

as
LACSE? (po < Vi < ply,p1 < Vi < 1)

d d d d
1D (0, 1) — 1l Wy )] — (1D o, 01) — 1187 (o, 1))

[C(péapi) - O(pé»pl)] - [C(pmpﬁ) - C(Poapl)}

The local average controlled direct effect, LACDEgd)(P) for P = {py < V; < pj,p1 <
V_; < p}}, can be identified as

=sgn(2d — 1) -

LACDE (py < V; < ply,p1 < Vs < p})

d d d d
182w 21) — 18w p1)] — [P0, 1) — 1 (po, p1)]

[C(ph, 1) — C v, 21)] = [C(po, P)) — C(po, p1)]

=sgn(2d — 1) -

Proof. See Appendix B. m

The identification argument proceeds as follows, with the formal proof provided in Ap-
pendix B. Given a pair of observed propensity scores (P;, P_;) = (po,p1), and noting that
the propensity score P; identifies the threshold function h;, the joint treatment realizations
(D;, D_;) partition the space of unobserved heterogeneity (V;, V_;) into four mutually exclu-
sive subpopulations, separated by the thresholds (pg, p1). The relationships are summarized

as

S
>
|

=(1,1) <= V; <po,V_i <p1, (Ds,D_5) =(0,1) <= Vi > po,V_i < p1,
=(1,0) <= V; <po,Voi > p1, (Di, D) =(0,0) <= V; > po, V_i > p1.

(3)
For instance, the probability of observing {D; = 1,D_; = 1} conditional on (P;, P_;) =
(po, p1) identifies the share of the subpopulation with {V; < po, V_; < p;}, that is,

IS
>
|

P(D;=1,D_;=1|P,=po, Poi =p1) =P(V; < po, V_i < p1).

The top left panel of Figure 2 illustrates how these four subpopulations correspond to distinct
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realizations of (D;, D_;) given observed propensity scores (pg, p1)-

Figure 2: Identifying Local Average Controlled Effects via Propensity Score Variation

V—i A . V—i A .
1 1
1 1
1 1
1 1
(1,0) 1 0,0) (1,0) 1 0,0)
1 p’l _________ L e e e e e e — .
1 1
! (1,0) > (1,1) 1 (0,0)—(0,1)
1 1
Pifp=—===-- T~~~ ==-=--=-= pifp=—=7===—-- T~~~ ~——--"
1 1
1 1
wy (U9Y) a4 ' ((USY)
1 1
1 1
Po v, Po v,
Panel I: Partition of the Unobservable Space by Panel I1: Identify LACSE by Changing Peer’s Propensity
Propensity Scores (py, p1) Score p; = p'y
Vo ] I 1 V_; 1 1 1
1 1 1 1
1 1 1 1
I (0,0) ! 1 1
T 10 | 1 (0,0
(1,0) ! 1 (0,0) 1 (A
1 (1,0) 1 plifF--=--- A _ .
1 ] I I
1 1 I I
pifp======7""°° TTTTTT T I I
1 1 I I
1 . - R
1 (Oi Dy P1 1 1
1 1 1 1
& b ! b @D v 0D
1 1 1 1
Po Pl R Po Plo 4
Panel I1I: Identify LACDE by Changing Individual’s Panel IV: Identify LACSE and LACDE by Varying Both
Propensity Score py = pg Po =~ phand p; > p'y

Given the data, the conditional expectation E[Y;1{D; =d, D_; =d'} | P, = po, P_; = p1]
can be directly recovered from observables. Under the model framework and Assumptions
1-3, these observed moments identify the average potential outcomes Y;(d, d’) for the sub-
populations associated with the treatment realization {D; = d,D_; = d'}. These quanti-

ties form the foundation for the identification strategy of Theorem 1. For instance, when
(Dia D*Z) = (17 1)7

E[Y;D;D_; | P, = po, P_i = p1] = E[Y:(1, 1) 1{V; < po, Vi < p1}],

which identifies the average potential outcome Y;(1, 1) for the subpopulation with unobserved
characteristics satisfying {V; < po, V_; < p1}.
The identification of the generalized LACSEs and LACDESs exploits exogenous variation

in the propensity score values. Suppose there exists another pair of observed propensity
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scores (po,py), P} > pi1. By shifting the propensity scores from (pg,p1) to (po,p}) and
applying the relationships established in Equation (3), the subpopulation with unobserved
characteristics in the region {V; < po,p1 < V_; < p|} changes its treatment status from
(D;, D_;) = (1,0) to (1,1). Likewise, the subpopulation in {V; > po,p1 < V_; < p|} changes
from (D;, D_;) = (0,0) to (0,1). These two groups correspond to the blue-shaded areas in
the top-right panel of Figure 2.

In both cases, only the peer —i changes her treatment status D_;, providing variation
that identifies the average spillover effect. Taking the difference between the conditional
expectations, E[Y;1{D; = d,D_; = 1} | -,-] = E[Y;1{D; = d,D_; = 0} | -,-], evaluated at
(po,p1) and (po, p}), isolates the variation in outcomes attributable to the subpopulations
that experience a change in peer treatment status. This difference identifies the local average
controlled spillover effects, LACSEZQ) and LACSEZ(»O), for the subpopulations corresponding
to the two blue-shaded regions in the top-right panel of Figure 2. This variation yields the
identification result stated in Item 1 of Theorem 1.

Analogously, when another pair of propensity scores (pf,p1) with pj > po is observed,
shifting from (pg, p1) to (pf, p1) and using the relationships in Equation (3) induces changes
in treatment status for unit ¢ only. Specifically, the subpopulations defined by {py < V; <
Py, Voi < p1} and {py < V; < pf, V_; > p1} change their treatment realizations from {D; =
0,D_; = 1} to {D; = 1,D_; = 1} and from {D; = 0,D_; = 0} to {D; = 1,D_; = 0},
respectively, as illustrated by the two yellow-shaded regions in the bottom-left panel of
Figure 2. Because only unit ¢ changes treatment status, the resulting variation identifies the
local average controlled direct effect. This variation corresponds to the identification result
presented in Item 2 of Theorem 1.

Suppose the support of the propensity scores exhibits sufficient variation such that four
distinct pairs, (po,p1), (po, 1), (P, P1), and (pf, p}), are observed with p > py and p| > p;.
Applying the same logic as before, shifting the peer’s propensity score from p; to p| while
fixing unit ¢’s score at pf, and, conversely, shifting unit i’s score from py to pf, while fixing
the peer’s score at p}, identifies the corresponding LACSEs and LACDEs for subpopulations
defined by these regions of (V;,V_;). Next, taking cross-differences of the local average
effects across the four propensity-score pairs, (po,p1), (po,p}), (P4, 1), and (pg, p}), isolates
the LACSEs and LACDEs for the subpopulation with (V;,V_;) lying in the rectangle {py <
Vi < pp,p1 < Vo; < p}, illustrated by the green-shaded area in the bottom-right panel of
Figure 2.

For example, the difference between LACSEED identified for the regions {V; < pg,p1 <
Vo, < pi} and {V; < pl,pr < Vo; < pl} yields LACSEEI) for the subpopulation {p, <
Vi < phyp < Vo; < pi}. Similarly, analogous differences yield LACSEEO) and LACDEgd),
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d € {0,1}, for the same region. This result is formally presented in Item 3 of Theorem 1,
which requires the support of (P;, P_;) to contain four distinct points forming the “vertices”

of a rectangle in the (po, p1) space.

Remark 1. (Identification With Binary Instrument) The conclusions in Theorem 1 apply to
both discrete and continuous instrumental variables, provided that they generate sufficient
variation in the propensity scores to satisfy the identification conditions. To illustrate,
consider the case where a binary instrumental variable is assigned to both units ¢ and —2
within each group. In this case, four distinct pairs of propensity scores (P;, P_;) can be
observed, corresponding to the four possible combinations of instrument assignments in each
group:
| Z_;=0 7 =1
Z =0 (P(0,0), P(0,0)) (Pi(0, 1), P4(1,0))
Zi =1 (P(1,0), P-(0,1)) (Pi(1,1), Pi(1,1))

According to Theorem 1, identifying the LACSESs requires at least two pairs of propensity

scores where unit ¢’s score remains fixed while the peer —i’s score varies, and identifying the
LACDESs instead requires variation in unit ¢’s propensity score while holding the peer —i’s
propensity score fixed. When the instruments are binary, the support of (P;, P_;) consists of
only four points. In this case, identification relies on specific equalities among these propen-
sity scores: identification of LACSEs requires that any two of P;(0,0), P;(0,1), P;(1,0), or
P;(1,1) be equal, while identification of LACDES requires that any two of P_;(0,0), P—;(0, 1),
P_;(1,0), or P_;(1,1) be equal. These conditions include the one-sided noncompliance re-
striction as a special example, a commonly imposed assumption in the literature to achieve
identification with binary instruments (Kang and Imbens, 2016; Vazquez-Bare, 2022; Di-
Traglia et al., 2023).

The one-sided noncompliance assumption requires that a unit cannot take the treatment
unless it receives the instrument assignment, that is, P(D; = 1| Z; = 0) = 0 for all 4. This

restriction is equivalent to
P;(0,0) = P,(0,1) =0, P_;(0,0)=P_;(0,1) =0,

which satisfies the conditions of Items 1 and 2 in Theorem 1. Under this structure, the
LACSEs and LACDES identified by Theorem 1 coincide with the local average spillover and
direct effects studied in the existing literature (Vazquez-Bare, 2022).

As shown in Appendix C, when the instrument is binary, additional restrictions such
as one-sided noncompliance are therefore necessary to point identify local average effects.

Interested readers are referred to Appendix C for a detailed discussion.
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Theorem 1 demonstrates that local average effects can be identified when the instru-
mental variables exhibit sufficient variation to induce the necessary differences in propensity
scores. As discussed in Remark 1, when instruments take only binary values, additional
restrictions are required to achieve point identification of certain local average spillover or
direct effects. Together, these results highlight that adequate variation in the instruments is
crucial for identifying causally interpretable parameters in settings where spillovers influence
both outcomes and treatment selection.

When the instrumental variables exhibit continuous variation, they induce continuous
variation in the propensity scores. In this case, one can extend the identification strategy
in Theorem 1 by taking limits as pj — po and p| — p;, thereby identifying the average
controlled spillover and direct effects conditional on (V;, V_;) evaluated at a specific point
(po,p1) within the interior of the propensity score support. The next section formalizes
this idea by introducing the marginal controlled spillover and marginal controlled direct
effects. These parameters serve as building blocks for identifying not only the local average
controlled spillover and direct effects discussed above, but also a broader class of policy-

relevant treatment effects of interest to researchers.

2.3 DMarginal Effects and Identification Results

Definition 2 formally defines the causal spillover and direct effects evaluated at specific values

of the unobserved characteristics (V;, V_;).

Definition 2. (Marginal controlled spillover effects (MCSE) and marginal controlled direct
effects (MCDE)) Consider the model in Equation (1).

1. Fix the treatment of unit ¢ at D; = d, d € {0,1}. The marginal controlled spillover
effect (MCSE), given V; = py and V_; = py, is defined as

MCSE!” (po, p1) = E[Yi(d, 1) — Yi(d,0) | V; = po, Voi = pu], (po, p1) € (0,1)2.

2. For unit ¢, fix the peer’s treatment at D_; = d, d € {0,1}. The marginal controlled
direct effect (MCDE), given V; = py and V_; = py, is defined as

MCDE (po, p1) = E[Yi(1,d) — Y;(0,d) | Vi = po, Vi = pul, (po, p1) € (0,1)?

The marginal controlled spillover effect captures the impact of changing the peer’s treat-
ment on a unit’s potential outcome while holding the unit’s own treatment status fixed, con-

ditional on the unobserved characteristics (V;, V_;) within the group. Similarly, the marginal
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controlled direct effect measures the impact of changing a unit’s own treatment on her po-
tential outcome while holding the peer’s treatment constant, again conditional on (V;,V_;).
Because both effects are defined relative to the group-level unobserved heterogeneity, they
capture treatment effect heterogeneity arising from latent factors within the group.

The marginal controlled spillover and direct effects are defined analogously to the stan-
dard marginal treatment effect (MTE), conditioning on continuous unobserved heterogene-
ity within the support of the latent variables. Unlike the conventional MTE framework,
which rules out interference across units, the marginal controlled effects explicitly incor-
porate spillovers arising from peers’ treatment decisions. As such, they extend the MTE
concept to environments where spillovers exist in both outcomes and treatment selection.
Section 2.5 formally characterizes the connection and distinction between these effects and
the standard MTE. By conditioning on the continuous unobservables, the marginal controlled
effects provide the building blocks for a wide class of policy-relevant parameters. In partic-
ular, the generalized local average controlled effects introduced in Definition 1 represent a
specific class of policy-relevant parameters that can be obtained by integrating the marginal
controlled effects over selected regions of the latent heterogeneity space. These connections
will be discussed in detail in Section 2.4. The policy-relevant effects play a central role in
evaluating counterfactual policies in settings with endogenous treatment and spillovers.

As discussed in the setting, the unobserved heterogeneities V; and V_; within a group
may be correlated. Identification of the parameters of interest requires recovering the joint
density of (V;,V_;). Because the marginal distributions of V; and V_; are normalized to
be uniform on the interval (0,1), their joint distribution is characterized by their copula.

Formally, the copula is defined as

OV;-,V_Z-(p07p1) = P(‘/z S Do, V—i S pl)) (pﬁ)pl> S (07 1)2

Lemma 1 provides identification of this copula on the support of the propensity scores
(P;, P_;) without imposing any functional form assumptions, where P, denotes unit ’s

propensity score as defined in Equation (2).

Lemma 1. (Copula of (V;,V_;)) Under Assumptions 1-3, the copula between V; and V_; is
identified as

Cv,v_,(po,p1) =P(D; =1,D_; = 1| P = py, P_; = p1),
for (po,p1) € P, where P denotes the support of (P, P_;).
Proof. See Appendix D.1. n

Let cy;v,(-,-) denote the copula density of (V;,V_;). Since Lemma 1 establishes iden-
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tification of the copula, the copula density can be obtained provided that the conditional
probability P(D; = 1,D_; = 1 | P;, P_;) is twice differentiable. This differentiability con-
dition requires that P; and P_; exhibit continuous variation, which in turn implies that at
least some components of the instrument vector (Z;, Z_;) must be continuously distributed.

Assumption 4 introduces this continuity requirement.

Assumption 4. (Continuous instruments) At least one component of the instrumental vari-

ables (Z;, Z_;) is continuously distributed.
It then follows that the copula density of (V;, V_;) is identified, as stated in Corollary 1.

Corollary 1. (Copula density of (V;,V_;)) Suppose that Assumptions 1-4 hold. If E[D;D_; |
P, = po, P_; = po] is twice differentiable at (pg,p1) € P, the copula density cy, v_,(po, p1) is

identified as
82E[DiD—i | P =po, P = pl}

Ipodp1
Proof. See Appendix D.1. m

cv, v, (Posp1) =

Following the literature, the conditional expectation of the potential outcome, given the

values of the group-level unobserved characteristics (V;, V_;),
m§d°’d1)(po,p1) = E[Y%(do,dﬂ | Vi=po,V_i = p1], (po,p1) € (0,1)%,

is defined as the marginal treatment response (MTR) function. The marginal controlled
spillover effects (MCSEs) and marginal controlled direct effects (MCDEs) introduced in Def-
inition 2 are obtained as differences of the corresponding MTR functions. Hence, identifica-
tion of the MCSEs and MCDEs requires identifying the underlying MTR functions. Theorem
2 provides the identification of the parameters of interest, the MCSEs and MCDEs, while
the detailed process for identifying MTR functions is presented in Appendix D.2.

Theorem 2. (Identifying MCSEs and MCDEs) Suppose that Assumptions 1-4 hold. For
do,d; € {0,1} and (po,p1) being an interior point of P, the following additional regularity
conditions are imposed: (i) E[D;D_; | P; = po, P_; = p1| and E[Y;1{D; = do}1{D_; = d;} |
P, = po, P_; = p1] are twice differentiable; (ii) the marginal treatment response functions
mgdo’dl)(po,pl) are continuous; and (iii) the copula density cy; v ,(po,p1) is bounded from
above and away from zero.

Then, the marginal controlled spillover effects (MCSEs), MCSEEd) (po, p1), are identified

as

sgn(2d — 1) -

9

aQE[EH{DZ = d} ’ PZ = Do, Pfi = pl} /82E [Dlsz | R = p07Pﬂ. — pl]
Opodp1 IpoOp1
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and the marginal controlled direct effects (MCDEs), MCDEEd) (po, p1), are identified as

PEYUD-i =d} | By = po, i = p] /aQE [DiD_; | P = po, P-i = p1]

2d —1) -
sgn( ) OpoOp1 OpoOp:

for d € {0,1} and (po, p1) being an interior point of P, and the function sgn(x) denotes the

sign of x.
Proof. See Appendix D.2. m

The identification of the MCSEs and MCDEs builds on the same logic underlying the
identification of the LACSEs and LACDEs in part 3 of Theorem 1, by taking the limits
py — p1 and pj; — po. This argument is illustrated by the green-shaded region in the bottom-
right panel of Figure 2, which represents the limiting case where p; — p; and pj — po.
The validity of this limiting argument requires the propensity scores to exhibit continuous
variation in a neighborhood of (pg,p;1). Moreover, the identification framework naturally
extends to settings with exogenous covariates, with the corresponding results provided in
Appendix D.3.

The assumption of continuously distributed instruments in Assumption 4 is sufficient but
not necessary for identifying the MCSEs and MCDEs. When instruments have limited or
discrete variation, the parametric specifications in Assumption 11 can be used to extrapolate
the identification of marginal controlled effects beyond the observed support of the propensity
scores. Alternative extrapolation approaches, such as those proposed by Mogstad, Santos,
and Torgovitsky (2018), may also be applied. However, point identification may no longer
hold, and the parameters would instead be partially identified. A formal treatment of this

extension is left for future research.

Remark 2. (Groups with multiple individuals) The identification strategy naturally ex-
tends to settings with more than two individuals per group. Consider a group of size
n < oo, indexed by i € {1,...,n}. In this case, the threshold function h; in Equation
(1) depends on the full vector of instrument assignments (71, ..., Z,). The propensity score
P(D; = 1| Zy,...,Z,) identifies the threshold h;. The joint distribution of the unob-
served heterogeneities within the group is then recovered from the conditional probability
P(Dy=1,...,D,=1]| P,...,P,), where P, denotes the propensity score of individual i.
Once this joint distribution is identified, the marginal treatment response functions can be

obtained by differentiating
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with respect to (Py,..., P,), under suitable smoothness conditions. Finally, differences be-
tween the resulting MTR functions yield the MCSEs and MCDEs.

Remark 3. (Testing the spillover structure) The identification of marginal treatment re-
sponse functions makes it possible to test additional structural assumptions about the nature
of spillovers. For example, in addition to Assumptions 1-3, suppose that each unit’s out-
come depends not on the entire treatment vector D = (Dy,---,D,), but instead on a
lower-dimensional function H(-) of this vector. In the literature, H(-) is commonly referred
to as the exposure mapping. A standard specification is the average treatment level within
the group, H(D) = >""" | D;/n. Under this structure, given unit i’s own treatment D; = d,
any two treatment vectors d = (dy,--- ,d,) and d = (dy,--- ,d,) that generate the same

exposure level, H(d) = H(d), should yield identical marginal treatment response functions:

for all (p1,---,pn) in the support of the propensity score functions. This equality provides
a testable implication of the assumed spillover structure H(-), thereby linking identification

of MTR functions to specification testing of exposure mappings.

2.4 Policy Relevant Treatment Effects

The MCSEs and MCDESs not only capture heterogeneous spillover and direct effects but also
serve as fundamental building blocks for deriving a wide range of causal parameters com-
monly examined in the literature. This section illustrates several examples demonstrating
how the MCSEs and MCDEs can be used to recover other treatment effect parameters of

policy relevance.

Average Controlled Spillover and Direct Effects

Researchers are often interested in summarizing heterogeneous spillover and direct effects
across individuals by aggregating them into population-level parameters (see, for example,
Vazquez-Bare (2023) and related studies). Within this framework, the average controlled
spillover effect (ACSE) can be defined as ACSE;(d) = E[Y;(d, 1) — Y;(d, 0)], which measures
the expected change in unit ¢’s outcome when the peer’s treatment status changes exoge-
nously from 0 to 1, holding the unit’s own treatment fixed at D; = d. Similarly, the average
controlled direct effect (ACDE) can be defined as ACDE;(d) = E[Y;(1,d) — Y;(0,d)], which
reflects the expected change in unit ¢’s outcome when her own treatment status changes

exogenously from zero to one, holding her peers’ treatment status fixed at D_; = d.
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Under the assumption that the propensity scores have full support, i.e., P = (0,1)?,
the ACSEs and ACDEs are point identified using the MCSEs, the MCDEs, and the copula
density of (V;,V_;) identified in Section 2.3, by integrating the MCSEs or MCDEs weighted
by the corresponding copula density:

1 1
ACSE;(d) = / / MCSE;(d; po, p1)cv, v, (po, p1)dpodpr,
0 0
1 1
ACDE;(d) = / / MCDE, (d; po, pr)evi.v-, (90, 1 )dpodpr.
0 0

When the propensity scores lack full support, the average controlled spillover and di-
rect effects, as well as other policy-relevant treatment effects, remain only partially identifi-
able. Under the additional assumption that potential outcomes are almost surely bounded,
Yi(d,d")|] < B < oo, the MCSEs and MCDEs are confined within the range [-2B,2B]
at points outside the observed support of the propensity scores. To extend identification
beyond this region, one may impose the parametric structure in Assumption 11 or adopt
an extrapolation approach similar to that proposed by Mogstad, Santos, and Torgovitsky

(2018). A formal development of these extensions is left for future research.

Local Average Controlled Spillover and Direct Effects

Once the MCSEs and MCDESs are point identified, they can be used to recover the LACSEs
and LACDEs defined in Section 2.2. The following discussion illustrates how these marginal
effects can be employed to obtain the local average spillover and direct effects examined in
the existing literature.

Suppose there exist two values of the instrumental variable, 2y, z1, such that the associated
propensity scores Pi(z, 2'), for z, 2" € 2y, z1, can be consistently ordered across all individuals
and groups. Without loss of generality, assume that P(2o,20) < Pi(20,21) < Pi(z1,20) <
Pi(z1, 7). Under this ordering, the treatment selection mechanism in Equation (1) implies

the following monotonicity condition:
Di(20, 20) < Di(20, 21) < Di(21,20) < Di(21,21)

almost surely, where D;(z, z’) denotes the potential treatment received by unit ¢ when the
instrument assignments are fixed exogenously at (Z;, Z_;) = (z, ).

Vazquez-Bare (2022) partitions the population into a finite number of compliance types
based on the values of the potential treatment vector D;(z,2"), icr,, .,,- This framework

identifies the local average spillover effect E[Y;(0,1) — Y;(0,0) | T_; = ¢], and the local

25



average direct effect E[Y;(1,0)—Y;(0,0) | T; = ¢, where T; = ¢ denotes the complier subgroup,
defined as the set of units whose unobserved heterogeneity V; lies between the two thresholds
Pi(z0,z1) and P;(z1, 2z0). Intuitively, these are individuals who would not take the treatment
under (zp,z1) but would take it under (z1,29). This paper also considers the setting in
which a one-sided noncompliance condition holds, meaning that individuals cannot receive
the treatment when assigned the instrument value zy. Under one-sided noncompliance,
the propensity scores satisfy 0 = Pi(z0,20) = Pi(z0,21) < Pi(z1,20) < Pj(z1,21), which
corresponds to a special case of the sufficient identification condition stated in Part 1 of
Theorem 1.

Figure 4 in Appendix C illustrates the regions in the (V;, V_;) space corresponding to the
subpopulations 7; = cand T"_; = c¢. Integrating the identified MCSEs and MCDEs over these
regions, using the copula density of (V;,V_;) as weights, recovers the local average spillover

and direct effects analyzed by Vazquez-Bare (2022):
E[Y;(0,1) — Y;(0,0) | T_; = ]

1 21,20)
:m /0 / MCSEZ (0, Vo, 'U1) C\/i,vﬂ. (’Uo, Ul)dvodvl,

]E[Y,(lo Y:(0,0) | T; = ]

Zl,ZO
— // MCDE; (0; vy, v1) ¢y, v, (vo, v1)dveduy,

i(#1,20)
P(T_; =c¢) —/ / cv; v, (v, v1)dvgduy,

P;(z1,20)
/ / Cv, v_; UOaU1>dUOdU17

where the copula density is identified in Corollary 1, and Theorem 2 provides identification
of MCSE; (0; vg,v1) and MCDE; (0; vg, v1).

Other Policy Relevant Treatment Effect

In addition, the identified MCSEs and MCDEs can be used to recover the policy-relevant
treatment effect (PRTE), which quantifies the expected change in outcomes induced by a
policy-driven shift in the treatment selection mechanism. The PRTE aggregates the underly-
ing marginal controlled effects across the distribution of unobserved heterogeneity, weighted
by how the policy changes the propensity of treatment participation, following the inter-
pretation of Heckman and Vytlacil (2005) and related work. This parameter provides a

meaningful measure of the impact of counterfactual policy interventions in the presence of
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heterogeneous treatment effects, allowing for the evaluation of counterfactual interventions
that modify the selection into treatment.

To formalize the link between marginal controlled effects and policy-relevant treatment
effects, consider how the MCSEs and MCDEs characterize PRTEs arising from exogenous
policy changes. Let A denote a set of feasible policies. For any policy a € A, I use superscript
a to denote the corresponding potential variables under that policy. For example, D{ denotes
the treatment status of unit ¢ that would be realized if policy a were implemented. Thus,
changing the policy from a to a’ induces changes in the distribution of instrumental variables,
treatment selection, and outcomes, such as Z¢ — Z&, D¢ — D and Y;* — Y. These
counterfactual changes form the basis for evaluating PRTEs.

Under policy a, the treatment decision is given by
D = E{Via < Pia(qu> Zﬁi)}7

where PH(Z& Z*) = P(D¢ = 1 | Z# Z*,) denotes the policy-specific propensity score.
Following the standard policy invariance assumption (as described in Assumption 5), the
introduction of a new policy is assumed to affect only the treatment selection mechanism
through changes in the propensity score, without altering the joint distribution of unobserved

characteristics.

Assumption 5. (Policy invariance) The distribution of

(Uia7 Uﬁi’ ‘/ia7 sz)

is invariant to any policy a € A.

The policy-relevant treatment effect (PRTE) measures the average change in outcomes
induced by a policy intervention that modifies the treatment assignment mechanism, which

is defined as )
B[V — Y]
AP 7

where AP denotes the proportion of groups in which at least one member changes treatment

PRTE(a,d’) =

status as a result of the policy shift from a to a'.
Given that each pair of propensity scores (P?, P*;) partitions the support of (V;, V_;) into

four regions associated with distinct treatment realizations (D;, D_;), the expected outcome
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under policy a can, under Assumption 5, be expressed as follows:

B[y / / po, p1)P(PE > po, P, > p1)

m; ( ) (PiaZp(ngi<p1)
1(0’1 (po,Pl) (P < po, P > p1)
m!

%) (pg, p1)P (P < po, P%; < pl)}cw, .(po, p1)dpodp .

Because E[Y?] is represented as a weighted average of the marginal treatment response
functions, and the PRTE is defined as the difference in E[Y;*] across alternative policies, the
PRTE naturally admits an interpretation as a weighted average of the MCDEs and MCSEs
over particular regions of the latent heterogeneity space (V;,V_;). Hence, the identified
MCDEs and MCSEs provide the key building blocks for constructing PRTEs associated
with a broad class of counterfactual policy interventions. Appendix E presents explicit

expressions for the PRTE under several empirically relevant types of policy changes.

2.5 Comparing With Marginal Treatment Effect

This section introduces the connection between the marginal controlled effects and the stan-
dard marginal treatment effect (MTE) framework. The MCDEs and MCSEs are defined in
a manner analogous to the MTE, capturing how potential outcomes vary with continuous
unobserved heterogeneity. However, unlike the standard MTE that rules out spillovers, the
MCDEs and MCSEs explicitly account for spillovers arising from peers’ treatments as well
as endogeneity in both own and peer treatment decisions. This section formally examines
the relationship between the marginal controlled effects and the conventional MTE, demon-
strating that the MCSEs and MCDESs naturally extend the MTE framework to settings with
spillovers in outcomes and treatment selection within groups.

If spillover effects exist but are ignored and the standard MTE identification strategy is

applied, the conventional estimand

0

o E[Y; | Pi(Z;) = po|, where Py(z) =P(D; =1 Z; = 2),

fails to identify the true MTE, E[Y;(1) — Y;(0) | V; = po).

In the presence of the spillover structure specified in Equation (1), the conventional
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propensity score can be written as

P (Vi < hi(z0, Z-) | Zi = 20)

P(V; < hi(20,21) | Zi=20,4-i = 2’1) fZ,i|Zi:z0 (21) dz

Z21EZ

:/ hi (2’0, Zl) fzfilzi:zo (21) dzy,
Z1€EZ

where Z denotes the support of the peer’s instrumental variable Z_;, the second equality
follows from the law of iterated expectations, and the last equality uses the independence
assumption (Assumption 1) and the distributional normalization in Assumption 3. This
expression shows that the conventional propensity score is a weighted average of the unit’s
threshold function h;(zg, z1) over the peer’s instrument Z_;, conditional on Z;.
Furthermore, Corollary 2 demonstrates that, when spillovers are present, the conventional
MTE identifier, OE[Y; | P;(Z;) = po]/Opo captures a weighted average of the MCDEs,
augmented by a bias term arising from the dependence of the unit’s treatment on the peer’s

instrument and from the correlation between Z; and Z_;.

Corollary 2. (Breakdown of MTE causal interpretation) Consider the model with spillovers
specified in Equation (1), and suppose that the conditions in Theorem 2 are satisfied. Under

these assumptions, the conventional MTE identifier identifies

IE[Y; | P, (Z;) = po)
Opo

1 rp
Z/ / MCDEi(l; Po, Ul)Cw,V_,- (P07 Ul)fP,i|Pi:po (pl)dv1dpl
0o Jo

11
+ / / MCDE; (1; po, v1)ev;, v, (po; v1) fp_i pi=po (P1)dv1dpy
0 Jp

+R.

The bias term R is generally nonzero. It vanishes under two sufficient conditions: (i) the
unit’s treatment decision is unaffected by the peer’s instrument, and (ii) the instruments Z;
and Z_; are mutually independent within each group. The explicit form of R is provided in
Appendix F.1.

Proof. See Appendix F.1. n

If spillover effects are absent from both the outcome and the treatment selection processes,

the identification results collapse to the standard MTE framework, as shown in Corollary 3.
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Corollary 3. Suppose that no spillover effects are present, and the SUTVA holds. Specif-
ically, assume that V; 1L V_; Y;(D;,d) = Yi(D;,d') = Yi(D;), and h;(Z;, z) = hi(Z;,2') =
hi(Z;). Under the conditions of Theorem 2, the identification results for the MCSEs and
MCDEs collapse to the standard MTE framework. In particular:

1. The propensity score identifies the standard threshold function h;(Z;),
P(Di =1 | Zi = 20,4 = Zl) = hz‘(ZO)a

indicating that the treatment decision of unit ¢ is unaffected by the peer’s instrument.

2. The copula density simplifies to independence, cv; v, (po, p1) = 1, suggesting that V; L
1LV,

3. The marginal controlled spillover effect is zero for all (pg,p1) in the interior of P,
MCSEEd) (po, p1) = 0, implying that the outcome does not depend on the peer’s treat-

ment.

4. The marginal controlled direct effect reduces to the MTE;, MCDEEd) (po,p1) = E[Y;(1)—
Yi(0) | Vi = pol, for all (po,p1) in the interior of P.

Proof. See Appendix F.2. n

To conclude, the standard MTE may lose its causal interpretation when spillovers are
present, whereas the MCSEs and MCDEs coincide with the MTE under SUTVA. Hence, the
framework developed in this paper provides a natural extension of the standard MTE frame-

work, generalizing it to settings with spillovers in both outcomes and treatment selection.

Remark 4. (Connection to the multivalued treatment model) If the group is treated as a
single decision-making unit and the treatment vector (D;,, D_;,) € {0,1}* can be reformu-
lated as a multivalued group-level treatment D, € {0, 1,2, 3}, the framework can be viewed
as a multivalued MTE models, such as Lee and Salanié¢ (2018). Translating their setup
into the spillover context, their identification relies on an exclusion restriction requiring that
unit ¢’s threshold function does not depend on peers’ instruments. In contrast, the treat-
ment selection structure developed in this paper enables point identification of the threshold
functions without imposing such exclusion restrictions and accommodates settings where
spillovers arise from peers’ instruments. Hence, the two frameworks are not nested. A more

detailed comparison with the multivalued treatment framework is provided in Appendix F.3.
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2.6 Testable Implications of Identifying Assumptions

The imposed spillover model structure and assumptions yield two sets of testable implica-
tions.
The first set arises from the fact that the cross-partial derivatives of the observed condi-

tional expectations,

o2
Op10py

E[1{Y; € A,Y; € A} 1{D; =d,D_; =d'} | P, = po, P_; = p1],

identify the joint distribution of potential outcomes weighted by the copula density of unob-
servables, where Ay, A5 denote arbitrary Borel sets in the outcome support. Since both the
conditional probabilities and the copula density are nonnegative, these derivatives must be
weakly positive, generating a set of nesting inequalities that serve as testable restrictions.
The second set of implications follows from the index sufficiency property: the marginal
treatment response functions depend only on the values of the propensity scores, not directly
on the realizations of the instrumental variables. Hence, for any two instrument pairs (2o, 21)

and (2, Z1) that yield identical propensity scores (P;, P_;), the conditional expectation

o2
Op10po

E[]l {Y; S Al,Y,i S AQ} ]l {Dl - d, D,z‘ == d/} | Zi, Z,,L]

should remain invariant across the two sets of instruments, as they correspond to the same
marginal treatment response values.

Corollary 4 formally states the nesting inequality and index sufficiency conditions implied
by the model.

Corollary 4. (Testable implications) The following conditions constitute the testable im-

plications of Assumptions 1-4, given the model structure specified in Equation (1).

1. (Nesting inequalities) For any Borel set Ay, A2 C Y, d € {0,1}, and (po,p1) € P, the
following inequality should hold:

82
aplapoxa[n{n €AY € AY{D;=d,D_;=d} | P =po, P :pl] >0,
82
_ aplapo]E[]l{Y; e ALY € AQ}H{Di =d,D_;=1-— d} ’ P, =po, P_; 7p1] > 0.

2. (Index sufficiency) For any Borel set Ay, Ay C Y, dy, dy € {0,1}, and different values of
instruments, (2o, z1) # (2o, 21), that yield the same propensity score values such that

Pl‘(Zo, Zl) = .PZ'(Z(), 21) = Po and P_i(Z(), 21> = P_i<20, 21) = P1, the fOHOWiIlg equalities
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should hold:

E[E{Y; S Al,Y_Z’ & AQ}E{DZ = do,D_i = dl} | ZZ = Z(),Z_i = Zl]
:E[E{Y; S Alani € AQ}H{DZ - dOani - dl} ’ Z’L = 20,2,2' - 21]

Proof. See Appendix G for the proof of the validity of these testable implications. ]

Existing literature, such as Carr and Kitagawa (2021), has developed methods that could
be implemented to test the conditions in Proposition 4. A formal application of these testing

procedures to the present framework is left for future research.

3 Estimation and Inference

3.1 Semiparametric estimation and inference
3.1.1 Estimation procedure

Consider a random sample of GG groups, each consisting of n units. For each group g =
., G, the observed data

{ngp s 7Y(n71)g7 DOga s 7D(n71)g7 ZOg7 sy Z(nfl)ga X097 o 7X(n71)g}g:1,...,G

are independently and identically distributed across groups.

This section develops a semiparametric estimation procedure that extends the framework
of Carneiro and Lee (2009) to settings with spillover effects in both treatment and outcome
equations. The estimation section considers the covariate-augmented setting introduced in

Appendix D.3. The model incorporating covariates can be expressed as

Yvig :mz(ngvX zganganlgaUzg:U )
Dy =1{Vig < hi(Xig> X_ig, Dig, D—i) },

ig» igy ig»

where outcomes depend on both own and peer covariates and treatments, and treatment
decisions follow a threshold-crossing rule. It is assumed that covariates and instruments are

randomly assigned at the group level,

(Wiga W—z’g) ui { (‘/figa V—iga Uig; U—ig) }7

where W;

ig —
Assumption 6 is maintained throughout the estimation section.

= (Xig, Zig).

199
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Assumption 6. (Estimation assumptions) Assume that (i) E|Y;,(d,d')| < oo,d,d" € {0,1}.
(ii) Propensity scores, P, i € {0,1} are nondegenerate continuous random variable. (iii)
The conditional expectations E[Yiqig | Xy = X, Py = po, P—ig = D1}, Xy = (Xig, X_iy), and
E[D;yD_iy | P,y = po, P-iy = p1] are assumed to be twice continuously differentiable with
respect to (po,p1). (iv) ?E[D;yD_iy | Piy = po, P-iy = p1]/0podp1 is bounded from above

and away from zero.

To illustrate the estimation procedure, this section focuses on a simple case where each
group consists of two units, i.e., n = 2 and ¢ € {0, 1}. The extension to group sizes n > 2 fol-
lows analogously. Building on the identification results with exogenous covariates presented

in Appendix D.3, this section aims to estimate the marginal treatment response (MTR)

functions,
m(x,d,d') (po p1) _ O’E [Yz‘dd/g ’ Xg =X, POg = Do, Plg = pl]/a2E [DOngg | POg = Do, Plg = Pl]
0 ’ OpoOp: OpoOp1 ’

Yidarg = Yigl{Dog = d, D1y = d'} {2sgn (1 — |d — d'|) — 1},
i,d,d €{0,1},g € {1,--- ,G},

(4)
where sgn(x) denotes the sign function that indicates the sign of a scalar z. The term
2sgn(l — |d — d'|) — 1 evaluates to 1 when d = d’ and to —1 when d # d’. The marginal
controlled effects are then obtained by taking the difference between the estimated MTR
functions.

The propensity score functions, Py, = Py(W,) and Py, = P;(W,), defined as P(D;; =1 |
W,) with W, = (W,, Wi,), are not directly observed and must be estimated from the data.
The first stage of involves estimating the propensity score functions using a series regression
approach. To alleviate the curse of dimensionality, a partially linear additive specification is

employed:
P(Diy=1|Wy=w) = o1 (0) + -+ @p, (05®) + w1 + -+ wi*dy,.  (5)

The covariate vector w includes both continuous and discrete components, denoted by w =

(ws, w¥s), where w* = (w§'*, - -, w§') is an ¢; —dimensional vector of continuous random
variables, and w?*® = (wfc ... w*c) is an ¢,—dimensional vector of discrete random

variables.

To preserve flexibility, no parametric restrictions are imposed on the unknown smooth
functions 1, . . ., gy, associated with the continuous covariates, while the coefficients ¥4, . .., ¥y,
on the discrete covariates remain to be estimated.

Series estimation relies on constructing a basis for smooth functions defined on R, denoted
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as {pr : k = 1,2,...}, such that each continuous function ¢,, for £ = 1,... ¢;, can be
approximated arbitrarily well by a linear combination of these basis functions as k£ — oc.
Commonly used basis functions include polynomial basis functions, splines, and wavelets.

Given a positive integer k, define the regressor vector

Pn(w) = [pl (wits) v Pk (wits) yo-9P1 (Iwgfs) yor 3 Pr (wgfs) ’wil’iSC’ e 7wg§sc}/7

where the first k X ¢; components correspond to basis function expansions of the continuous
covariates, and the remaining ¢, components include the discrete covariates in their original
form.
The series estimator of the conditional probability P(D;, = 1 | W,), for i € {0,1}, is
given by
P (Wy) = P (W,) 6,

where é; is obtained from the least squares optimization problem

0L eR”

G 2
ni 1 § : 10
05 = arg min a p (ng - PH(WQ) 95) )

and & = kl; + {5 denotes the total dimension of the regressor vector P, (W)).

Remark 5. (Series with Lasso regression) To increase flexibility in selecting relevant basis
terms, one may combine nonparametric series estimation with Lasso regression, which en-
ables automatic selection and regularization of basis terms. The estimation errors of such
estimators have been studied in Bickel, Ritov, and Tsybakov (2009) and other related works
cited therein. Select a positive integer x such that x > ¢g. Then, the series estimator,

P, (W,), with I;-penalization is derived as

G 2 R
N 1 . 1 ,
01 = ||]. — -DZ - Pn /92 2A: j 02 )
k — arg 9261]1?% I g§:1: ( g (”g) n) + = ;1 ||pj||G’ J‘

Pz‘ (Wg) = P (Wg)/ QA;,

where A > 0 is the tuning constant, p;(-) denotes the j-th component of the basis expan-
sion P,(+), and ||-||¢ stands for the empirical norm, ||p;ll¢ = \/I/G Zf};:lp?(Wg). In the

estimation procedure, the tuning parameter A is selected using cross-validation.

A finite-sample concern is that the estimated series approximation I5¢(Wg) may take

values outside the admissible unit interval [0,1]. To address this, a standard trimming
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adjustment can be applied. The trimmed estimator is defined as
P(W,) =P (W) + (1= 3= B W) 1{ B (wy) > 1}

+ (5—E(Wg)> 1 {E(Wg) < o},

where 0 > 0 is a small constant chosen by the researcher. The resulting H(Wg) thus provides
a feasible and bounded estimator of the propensity score P(D;, =1 | W), which is denoted
compactly as f’ig in subsequent analysis.

The next step involves estimating the cross-partial derivatives appearing in both the
numerator and denominator of the estimand in Equation (4). The procedure begins with

estimating the denominator of the estimand, namely the cross-partial derivative

32E[D0gD1g \ POg = Po, Plg = P1]
OpoOp1 .

Local polynomial regression provides a flexible and well-established approach for estimating
such derivatives of conditional expectations. Following Fan and Gijbels (1996), the polyno-
mial order is set to p = d + 1, where d denotes the derivative order. Since the object of

interest is a second-order derivative, a local cubic regression (p = 3) is employed:

G
min [DOngg — bo — bl <p()g - po> — b4 <p09 - pO) (plg - pl)

b, 4b
0 9 g:1

R 372 R
by (Plg - p1> } Ko, (Pg . p) (6)
. Py, — P, —
K, (B, = p) = K <—°261p°> x K (—12(;11’1) ,

where K (-) denotes the kernel function and hg; is the chosen bandwidth parameter. Band-
widths for kernel-based regressions can be selected using K-fold cross-validation. The es-
timated coefficient 134(p0, p1) from Equation (6) serves as an estimator of the cross-partial
derivative 9°E[Doy D1, | Pog = po, Piy = p1]/0po0p1.

The subsequent stage focuses on estimating the cross-partial derivative that appears in

the numerator of the estimand,

PEYiaay | Xy = %, Pog = po, Py = p1)
OpoOp1 .

Since the covariate vector X, may be multidimensional, the estimation adopts the semipara-
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metric framework to mitigate the curse of dimensionality.

Assumption 7. (Partial linear outcomes) Potential outcomes satisfy a partially linear struc-

ture of the form
Yig(xa da d/) = X,ﬁidd’ + Uig(d7 dl)?

where S;44 is a finite-dimensional parameter vector that may vary across units i € {0, 1} and
treatment states (d,d') € {0,1}?, and Uj,(d, d’) is an unrestricted nonparametric component
capturing the remaining heterogeneity.

The potential outcome is generated according to
}/ig<X, d, d/> =m; (X, d, d/, Uig, U_Z'g)

where the covariates are fixed at X; = x and the treatment assignments are fixed at
(Dig, D_;y) = (d,d’) exogenously.

Under this specification, the conditional expectation, and consequently the marginal
treatment response (MTR) function, can be expressed as a semiparametric function of
(x, po, p1), separating the parametric effect of covariates from the nonparametric dependence

on the propensity scores:

O’E mdd'g | Xg =X, POg = Do, Plg = p1] /821@ [DOngg | POg = Po, Plg = pl]

IpoOp1 IpoOp
o OE [Uidarg | Pog = po; Piy = p1] / 9°E [DogDyy | Pog = po, Pry = pi] (7)
=X Biqa + 9 J
PoOp1 Opodp1

Uidd’g = Uig(d, d/>]l {DOg = d, Dlg = d/} {2 sgn (1 - |d - d/|) - 1},
The conditional expectation E [Y;, | Doy = d, D1y = d', Py, P1y| can be expressed as

E[Yiy | Dog = d, D1y = d', Pog, Piy) = (E[Xy | Doy = d, D1y = d', Py, Plg])/ﬁidd,

(8)
+E[Us, | Doy = d, D1y = d', Pog, Pry).

Therefore, conditional on the subsample with {Dy, = d, D1, = d'}, the coefficient vector

Biaar can be estimated by the least squares regression as

-1
@M=Eﬁﬁ4 xEﬁHm—&Wﬂmeﬁmﬂﬂ7
g=1 g=1

—~

Xy = Xy = B [ X, | By (W), P (W,)]

(9)

where Ej[- | -] represents a kernel regression estimator with selected bandwidth h.

36



The residual then follows as

~

Uidarg = Yidarg — X;Bidd’{Q sgn (1 —|d - dl’) - 1}

which serves as an estimator of the unobserved component Ujqq .

In the last step, use the sample

{(Uidd,g,ﬁo(wg),ﬁ()(Wg)) g=1,... ,(;}

to estimate the cross-partial derivative O?E[Ugary | Pog = po, Pig = p1]/0podp1 through a

local polynomial regression of order three,

€0,y 4C9

G
min Z[Uiddg’_co_cl (Pog—p0> — ey (Pog—p0> (Plg_p1>
g=1
R 312 R
—"'—09(P1g—p1>} KhGQ(Pg—p>,

R P, — P
Koy (By—p) = K [ 2020 ) i | =22 ).
he2 he2

The resulting coefficien ¢4(d, d'; po, p1) consistently estimates O?E[Ujgary | Pog = po, Py =

pl]/3p08p1 .

Finally, the marginal treatment response functions mdd)

ig (po,p1) are estimated as

mg;c,d,d’)(po’pl) — f + 54@7 d’; po, p1)
ba(po, p1)
where ¢4(d, d’; po, p1) and /b\4(p0, p1) are the local polynomial estimators of the cross-partial
derivatives of E[Ujaag | Pog, P1y] and E[Do,D1, | Pog, P14], respectively.

The next section derives the asymptotic distribution of the estimated marginal treatment
response functions, abstracting from the role of covariates to focus on the sampling behavior

of the nonparametric components,

é4(d7 d/;pOapl)

= . 10
b4(p0,p1) ( )
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3.1.2 Asymptotic Properties
Uniform consistent rate of propensity score

Cubic spline basis functions {py : k = 1,2,---} are employed to approximate the nonpara-
metric components of the propensity score functions. The following assumptions, adapted
from Belloni et al. (2015), provide the regularity conditions required to establish the uniform

convergence rate of the series estimators for the propensity score functions.

Assumption 8. (Series estimation) (i) The eigenvalues of E[P,(w,)P,(w,)] are bounded
above and away from zero uniformly over G. (ii) Each function ¢; € G in Equation (5),
where G is a set of functions f in Holder classes with exponent s, (W), such that ||f||, is
bounded from above uniformly over G. (iii) The support of W** is known and is a Cartesian
product of compact connected intervals on which W has a probability density function

that is bounded away from zero.

Lemma 2. (Uniform rate of propensity score) Under Assumptions 6-8, we have

max_|P, (Wy) — P (Wy)

g=1,....G

1
K ogm+/€_s] ’

where £ — 00 as G — oo, K™/ 2 log k/G = O(1) for any m > 2, and x?>~2*/G = O(1).

Asymptotic properties of cross-derivative estimators

As shown in Equation (10), the proposed estimator is expressed as the ratio of two estimated
cross-partial derivatives of conditional mean functions. This subsection derives the asymp-
totic properties these two cross-derivative estimators under the semiparametric estimation
procedure described in Section 3.1.1.

To derive the asymptotic properties of the cross-partial derivative estimators, impose the

following assumption:

Assumption 9. (Local polynomial regression) (i) E[Do,Di, | Poy = po, Piy = p1] and
E[Uidarg | Pog = po, P1y = p1] are (p + 1)-time continuously differentiable, p > 3. (ii) The
conditional distributions of Do,D1, | Pog, P1g and Usgarg | Pog, P14 are continuous at the point
(po,p1)- (iii) The kernel K € L, is bounded with compact support, and ||ul|*? K (u) € L,
|ul|*" 2K (u) — 0 as ||ul] — oo.

This assumption ensures sufficient smoothness of the underlying conditional mean func-
tions and regularity of the kernel function, which together guarantee the validity of local

polynomial approximations.
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Lemma 3. (Convergence rates of cross-derivative estimators) Under Assumptions 6-9, the
convergence rates of estimators 134(p0, p1) and ¢é4(d, d’; po, p1), as calculated in Section 3.1.1,

can be derived as

2

~

b - E[Do, D1, | Po, = po, Piy =

4(po, P1) Opedpy [ 0g 1g| 0g = Po, L1g Pd

_ 6 \—1/2 S Ao 4
OP[(GhGl) + max [Py, — Py + max |P, Plg|+hG’1]7

. 0?
¢éa(d,d's po, 1) — MJE[UWQ | Pog = po, Prg = p1]

— 6 \—1/2 D D 4
OP[(GhGQ) + max |Foy — Fo| + max [Py, Plg|+h02]v

where hgi, hge are the bandwidths selected to estimate 34(p0, p1) and é4(d, d'; po, p1)-

Proof. See Appendix H.1. m

Asymptotic distribution of the marginal treatment response

This section characterizes the asymptotic distribution of the marginal treatment response
functions, abstracting from covariate effects. The estimator, defined in Equation (10), is
constructed as the ratio of two estimated cross-partial derivatives of conditional mean func-
tions. To establish the asymptotic properties of this estimator, the following assumptions

are imposed.

Assumption 10. (Asymptotic distribution) (i) max,—; ¢ ‘f’i(Zog,Zlg) — Pi(Zog, Z1)| =
op[(GRE,) V2] (ii) he1, hae — 0,Ghy, Ghiy — 00 as G — 00, haa = o(ha1), hat, has =
O(G_l/w).

Theorem 3. (Asymptotic distributions of the ratio estimator) Under Assumptions 6-10, the
asymptotic distribution of ¢4(d, d'; po, p1)/¢a(d, d’;po, p1), d,d" € {0,1}, can be characterized

as

6 \1/2]) Ca(d, dspo,p1)  cald, d';po,p1)
(Ghes) - - =
b4(p07p1) 4<p07p1)

i>N< ’ 02(]90,2271) (M_lFM_l) ),

(54(110,]91)) f(po,p1) 0
where 0%(d, d';po,p1) = Var(Uigary | Pog = Pos Pig = p1), f(po,p1) denotes the density of
(Pog, Prg) evaluated at the point (pg,p1), and As 5 denotes the element located in the fifth
row and fifth column of a matrix A. The definitions of the matrices M and I" are presented
in the Appendix H.2.
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Proof. See Appendix H.2. m

Finally, the asymptotic distributions of the MCSEs and MCDEs are derived. Their

estimators are constructed using the estimated marginal treatment response functions:

MCSE’L<XJ d;p()?pl) = ( )(p(]?pl) (XdO)(p(]?pl) d S {0 1}
MCDE@(X7 d; p()vpl) - 7/7\1@(9 )(p(bPl) - mgg )(p()vpl)v d € {07 ]-}

Assuming that the differences ¢4(d, d’; po, p1)/bs(po, p1)—ca(d, d'; o, p1) /ba(po, p1) are asymp-
totically independent across different values of d,d’ € {0, 1}, the asymptotic distributions of
l\mi(x, d; po, p1) and l\mi(x, d; po, p1) follow in Theorem 3.

Corollary 5. Suppose that (¢4(d, d'; po, p1)/ba(po, pr) — ca(d, d's po, p1) /ba(po, p1)) are asymp-
totically independent across different values of d,d’ € {0, 1}, and that Assumptions 6-10 are
satisfied. Then, the asymptotic distributions of NI/C-S\EZ'(X, d; po, p1) and mi(x, d; po, 1)

can be characterized as
(Gh I/Q{MCSE x, d; po, p1) — MCSE(x, d;po,pn}

G2)
N(O, (1,d; po,pl)—i—U (0, d; po, p1) ( MITM ! )
)

(ba(po, 1)) f (o, p1)

(Gh 1/2{MCDE x, d; po, p1) — MCDE(x, d; po, 1 }

2 1: 2 .
i> j\[<07 g (da aplbpl) +20 (d,O,pg,pl ( M-TM- 1)55)
(b4(p0ap1)) f(p07p1> 7

3.2 Parametric procedure
3.2.1 Parametric estimation

The estimators introduced in Section 3.1 converge at nonparametric rates, requiring suffi-
ciently large sample sizes to yield reliable estimates. Moreover, when the group size n > 2,
the conditional expectations in the estimand involve higher-dimensional conditioning, fur-
ther slowing the rate of convergence. Consequently, in settings with limited sample sizes or
large groups, it may be preferable to impose parametric assumptions to estimate parame-
ters of interest. This section develops a parametric approach for estimation and inference
procedure.

The estimation continues to rely on Assumption 6, while introducing the following addi-

tional parametric assumptions.
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Assumption 11. The following specifications are imposed in the parametric setting.

1. (Propensity score) For the treatment assignment equation D;, = IL{‘ZQ < hi(Wy)}
of individual ¢ in group g, ¢ € {0, 1}, assume that h;(-) is a K;-th order polynomial
function of W, = (Wy1,--+,W,,) € R":

¢
v = Y o TIWE
j=1

ke’CZ,Kl

where k = (ky, ..., k) € N§ is a multi-index, Kpx, = {k € N : Z§=1 kj < Ki}, and
(Ot ) wexc,, «, = 0; are polynomial coefficients. Additionally, assume that the unobserved

heterogeneity XZQ follows a standard normal distribution: ‘Zg ~ N(0,1).

. (Copula) Assume that the joint dependence structure of the unobserved heterogeneities
Vog and Vi, is characterized by a Gaussian copula with correlation parameter p €
[—¢,¢], where ¢ is a constant such that 0 < ¢ < 1. Specifically, let V;, = @(ng) for
i € {0,1}, where ®(-) denotes the standard normal cumulative distribution function.
The copula of (Vig, Vig), denoted by Cv;, v1, (-, -), is then given by the Gaussian copula

with correlation p:

Cog iy (U0, 01) = (@7 (vg), @7 (v1)), ¥(vo, v1) € (0,1)7,

where @, is the bivariate normal CDF with zero means, unit variances, and correla-
tion p, ®~1 denotes the inverse of the standard normal CDF, and p is an unknown

parameter.

. (Marginal treatment response) It is assumed that the potential outcome follows a
partially linear specification in the covariates, Yi,(x,d,d") = X' Biqar + Uiy(d,d'), where
Uiy(d, d’) satisfies the condition stated below:

E[Uig(d,d') | Vog = v, Vig = v1] =igar 0 + aidd’,lq)il(v(ﬁ
+ g 2@ (01) + Qg 327 (00) P (01),
for all (vg,v1) € (0,1)2, and g = (Qiaar 0, Vidar 1, Vidar 2, Viaar 3)" denotes the vector

of unknown coefficients that may be heterogeneous across individuals ¢ and treatment
states (d,d').

The imposed parametric assumptions are standard in the marginal treatment effect

(MTE) literature and provide a tractable yet flexible framework for estimation and infer-
ence. Modeling the selection rule as D;, = 11{\7;9 < h;(W,)} with a parametric index h; (W)
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and a standard normal unobserved term corresponds to the probit-type latent index widely
used in practical implementations of the MTE framework (see, e.g., Carneiro, Heckman, and
Vytlacil (2011); Kline and Walters (2016)). The polynomial specification of h;(-) provides
sufficient flexibility to capture nonlinear relationships between instruments and covariates.

The Gaussian copula structure for (Vy,, V3,) is also a common parametric choice that fa-
cilitate likelihood-based estimation and allow dependence in unobserved heterogeneity across
group members. Such assumptions have been adopted in the interference literature, including
Hoshino and Yanagi (2023), to capture correlated unobservables within the group.

The parametric specification of the MTR function is consistent with the functional-form
assumptions commonly employed in the MTE literature to achieve point identification when
the available instruments provide limited variation. Under SUTVA, Brinch, Mogstad, and
Wiswall (2017) show that imposing a parametric structure on the MTR function allows for
the identification of heterogeneous treatment effects even with discrete instruments. Anal-
ogously, in the presence of spillovers, a similar approach can be applied by specifying the
MTR function E[U;,(d,d") | Viy = vo,V_iy = v1] as a polynomial expansion in the un-
observed heterogeneities, ®~!(vg) and ®~'(v;). This formulation accommodates spillover
effects from peers’ treatments d’ and captures potential dependence between group members
through involving ®~!(v;). Moreover, the parametric formulation enables extrapolation be-
yond the observed support of the propensity scores, thereby allowing for the identification of
policy-relevant treatment effects (PRTEs) even when instrumental variables exhibit limited
or discrete variation (Brinch, Mogstad, and Wiswall, 2017).

The objective is to estimate the marginal treatment response function, mg’d’d/)(vo, V1) =
E[Y,(x,d,d") | Vo, = vo, Viy = 1], for any x € X, d,d’ € {0,1}, and (vo,v;1) € (0,1)%

As in the semiparametric case, the first step involves estimating the propensity score
functions Py(W,), Pi(W,), where Wi, = (Ziy, Xiy), W, = (Wyy, W1,) € RE. Under the first
specification in Assumption 11, and assuming that the instruments and covariates are inde-
pendent of the unobserved heterogeneity V4, we can express the propensity score function
as

Py=P(D;, =1|W,) = ( > O HWJ>

ke Kk,

The polynomial coefficients can be estimated using standard maximum likelihood methods:

G

éi:arg(eikgnax Z[DiglogQ)( Z QZkH ) +(1— ng)log< ( Z O HWJ)

kel
Re Ky g=1

ke, K1 ke, K1

Once the polynomial coefficients 0; are estimated, they can be substituted into P, to
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obtain the estimated propensity score as

P 3 dueTlw)

ke’C( K1

The next step is to estimate the joint dependence structure of Vj, and Vj,. Under the
second specification in Assumption 11, this dependence is modeled by a Gaussian copula
with correlation parameter p. Consequently, the second step of our procedure focuses on

estimating p. The identification results imply the following equations,

P(Dﬁg = 17Dlg =1 ’ POg = Po; Plg ) = (I)p(q) 1(POg) (I)il(Plg))

P(Dog =1, D14 =0 | Pog = po, Py = p1) = po — (I)p(q) (POg Plg )7
P(Dog = 0,D1g = 1| Pog = po, Prg = p1) = p1 — (I)p(q) Y(Pog), @ (Pyy)),

P(Doy =0, D1y = 0| Pog = po, Pig = p1) =1 —po — p1 + @, (27 (Pog). 27 (Pyg)).

Therefore, p can be estimated using the maximum likelihood, substituting the first-stage

estimates ﬁog and ﬁlg for the true propensity scores Fy, and Py,

G
p = arg max {DOngg log < p(@ 1 P()g (Plg))) +
1

pE[—ee]

(1 — Dgg) D1y log

Doy(1 — Dy,) 10g< 0y — “(Ryy), <I>‘1<1319)))+
(Pu— a0 (B0 (R))

(1 — Dy,)(1 — Dy,)log (1 — Py — Py + @, (27 (Ryy), q>1(ﬁlg))> }

The final step involves estimating the marginal treatment response E[Y;,(x,d,d’) | Vo, =
vo, Vig = v1]. Under the third specification in Assumption 11, this function admits the
following parametric representation,

mg’d’d,)(vg,vl) =E[Viy(x,d,d') | Vog = vo, Vig = v1]
=X'Bidga + Qidar 0 + Viawr 197 (vo)

+ Qigar 2@ (1) + Qg 307 (00) D (v1).

Hence, the last stage of our procedure focuses on estimating the coefficient vectors ;44 and

Ciqar- For illustration, consider the case d =1 and d' = 1.
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By combining the identification results with the third specification in Assumption 11,

the following relationship is obtained:
Y;gDOngg | X =X, POg Do, Plg = pl]

/ / 7,g 1 1 ‘ ‘/Og = Vo, ‘/19 — U1j| CVog Vig (U07 Ul)dvodvl

+ x'Bi11 P DOngg | Pog = po, Pig =

=011 0/ / CVhy,Vig (vo, v1)dvguy + Q11,1 / / Uo Cvoq Vm(v(]v vy )dvov

pP1

+ Q11,2 / / U1 Cvog Vig (vo, vl)dvovl

+ 04¢11,3/ / @*1(UO)®*1(U1)CVOQ7VM (vo, v1)dvguy
0 0

+ Xlﬂill]P’(DOngg ’ POg = Do, Plg = Pl)
504111,01?1(190,291, P) + 04111,1[111(2707291, p) + 04111,2[121(]?07131, P) + 04111,31?1(29071317 P)
+ X' 8119, (po, p1)-

In the last line, I{,(po, p1, p), I, (po, p1, p), and I3, (po, p1, p) denote integrals that depend on
Po, p1, and the correlation parameter p of the Gaussian copula density cy;,, vy, (+,-) when d = 1
and d’ = 1. Given that the propensity scores and the correlation have been estimated in
the previous two steps, ﬁog, ﬁlg, and p are substituted for their true values. The coefficient

vectors a;17 and ;11 are then estimated using the following least squares regression,

G

A A\ S5 0D S5 0D 4
(0‘;117 51{11) = arg( m/lgn y Z {YigDOngg - Oéz‘u,o]lll(Pog, Py, p) — 05i11,11111(Pog, Piy, p)
@i11:8i11
g=1

2
— 1217, (Pog, Prg, p) — i1 31y (Pog, Prg, p) — X, Bt |

where )?g = X, - P(DoyDy | ﬁog,ﬁlg). A similar procedure can be applied to estimate
the coefficient vectors B4 and a;qq for other treatment combinations (d, d’). The estimated

marginal treatment response function, m( " )(vo,vl) is obtained by substituting (&, 5/41)"

for (ajy1, Bi1n)"-
Finally, the MCDEs and MCSEs are obtained by taking differences of the estimated

marginal treatment response functions,

MCSEi(x, d; po, p1) = M (pg, pr) — ) (po, pr), d € {0, 1},
MCDE;(x, d; po, p1) = e (po, p1) — " (po, 1), d € {0, 1}.
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3.2.2 Parametric asymptotic results

This section introduces a set of assumptions under which the parametric estimators are

consistent.

Assumption 12. (Parametric first stage) In the first stage of propensity score estimation,

for each individual i € {0, 1}, we assume that
1. 0; € ©;, where the parameter space ©; is compact.
2. The true parameter ;o is unique.
3. Let [(6;; D;y,W,) denote the log-likelihood of individual i’s treatment in group g:

l(eﬂDZg,Wg) :Dlglogcb( Z zk H )

kE’C[ K,

+(1—ng)log( ( > HWJ)>

ke, K1
The log-likelihood function [(6;; D;g4, W) satisfies the following conditions:

(i) E[SUPGieei 1(0;; Dig7Wg)|] < Q.
(ii) E[V3.1(0;; Dig, W,)] exists and is invertible.
(iii) E[supy,ce, |IV5,1(0: Dig, Wy)l|] < o0.
Under Assumptions 11 and 12, the estimator f; obtained in the first stage is consistent.

Lemma 4. Suppose Assumptions 6, 11 and 12 hold. Then, for each ¢ € {0, 1}, the estimator
éigeio as G — oo.

Proof. See Appendix H.3. O

To establish the consistency of the second-stage estimator of the Gaussian copula corre-

lation parameter p, the following additional assumption is imposed.

Assumption 13. (Parametric second stage) In the second stage, to estimate the correlation

parameter p of the Gaussian copula, we impose the following conditions.

1. The true parameter pg is unique.
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2. Define the log-likelihood of joint treatments in group g as

U(p,0; Dy, Wy) = l(p; Dy, Py)

=Dy, D1, log (cbp(cb‘l(Pog), <I>‘1(Plg))) +
Dog(1 — Dy,) log (Pog — @, (27 (Pyy), <I>‘1(Plg))) +
(1 — Dyg) Dy, log (Plg — (D7 (Pyy), <I>1(P1g))) +
(1 — Doy)(1 = Dyy)log (1 — Pog — Prg+ @,(27 (Pyy), <I>1(Plg))>a

where P, = (Py,, P1y), Py, © € {0,1}, is the function of the first stage parameter 6;
and the variable Wy, 6 = (6, 6,)", and D, = (Dy,, D14). The log-likelihood needs to
satisfy

(1> E[Suppe[—a@] |l(p,9, Dg,Wg)H < 00.

(ii) There exists a function L(-) with |L(D,)| < oo almost surely such that for all

d € {01}, (p.p/) € (0.1)% and p € [~¢,¢], [l(p;d,p) = U(ps d.p)| < L(d)|lp— /[,
where [(p; d, p) is defined as the second stage log-likelihood given (P, Piy) = p

(iii) E[0%L(p,0; Dy, W,)/0p?] is bounded away from zero.
(iv) E[suppe_.q |0%U(p; Dy, Py)/0p]] < 00 and E[supgegyxe, || Vo252 |] <

Q.

These conditions allow us to establish the consistency of the second-stage estimator of p.

Lemma 5. Suppose Assumptions 6, 11, 12, and 13 hold. Then, p %3 py as G — .

Proof. See Appendix H.4. n

Finally, the consistency of the estimated coefficient vector (&, ﬂm) is established, which

in turn ensures consistency of the estimated marginal controlled effects.

Theorem 4. (Consistency of parametric MCDEs and MCSEs) Suppose that Assumptions
6, 11, 12, and 13 hold. Also, assume that

1. XpupXpaw and E[Xp,, Xpaa] are nonsingular, where Xpgy is defined as a G x K

matrix with the g-th row as
XPdd’g = [(I)p(POW Plg)? Iéd’(P()g? Plgap)a Igd’(P()g’ Plg>p)> Igd’(P()g’ Plg?ﬂ)aX;L
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where Py, i € {0,1}, is the function of the first stage parameter #; and the variable
Wy.

2. ||)A( paer — Xpaa||%/G %3 0, where X pda 18 obtained by replacing the true values Py,
Py, and p in Xpgp with their estimates ﬁog, ﬁlg, and p, respectively. The notation

| - || denotes the Frobenius norm.

.

4. Define widd(aidd’:ﬁidd’:p:GS EgaDOleg;Wg) = (Yidd/g - XPg(Oé;ddu Z{dd/)/)XPg, where
Yiawrg = Yigl{ Doy = d, D1, = d'}. It satisfies

(i) E[Suppe[fs,s} IV piad(idar, Biaars p; 0; Yig, Dog, Dig, Wy)l|] < oo.
(ii) Elsupgeo,xo, ||Voviai(ciaa, Bida, p, 0; Yig, Dog, D1g, Wy)|[] < o0.

a.s.

Under the above conditions, (&g, Blyg) = (g, Blua ) as G — .
Proof. See Appendix H.5. O

Inference regarding the estimator (&, , Al{dd,)’ is performed using standard nonparametric
bootstrap methodologies. Based on Assumptions 12 and 13, the conditions in Theorem 4,
and standard regularity conditions, the bootstrap distribution converges uniformly to the
sampling distribution of the estimator! (Romano and Shaikh, 2012). Therefore, standard
nonparametric bootstrap methods, such as resampling the data and recomputing all stages,
are expected to yield valid inference.

After establishing the consistency and the asymptotic distibutions of (&g, 8l the
consistency and asymptotic distributions of M/Cﬁ)i(x, d; po,p1) and M/CBEZ(X, d; po, p1) fol-
low directly from the continuous mapping theorem. This result obtains by the continuity of
MCSE; and MCDE; as functions of (&ygs Blggr)'-

4 Simulation and Application

4.1 Parametric Simulation

This section presents a Monte Carlo simulation to assess the validity of the proposed para-

metric estimation methods.

!The regularity conditions include stochastic equicontinuity and a quadratic remainder condition. A
formal proof is left for future work.
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For each Monte Carlo replication, I generate GG i.i.d. groups, where each group g consists
of two members indexed by i € {0,1}. I draw the group instrument vector, Z, = (Zy, Z14),
i.i.d. from a bivariate normal distribution N (0, X) with ¥z = (1,0.1;0.1,1). The correlation
of Zy, and Z,, is not zero, since I allow the instruments of group members to be correlated. I
also the group-level unobserved heterogeneity vector, (%g, ‘71!]), i.i.d. from a bivariate normal
distribution N(0,3y) with ¥y = (1,0.2;0.2,1) and independent of the instrument vector
Z,. By construction, 172-9, i € {0,1}, follows a standard normal distribution. Additionally,
the copula linking the normalized unobserved heterogeneity Vg, and V;,, where \N/z-g = (ID(XN/Z-),
is a Gaussian copula with correlation p = 0.2. These specifications are consistent with
Assumption 3 and the first two conditions in Assumption 11.

I construct the following model to generate individual’s treatment and potential outcome.

(Do = 1{Viy < Zoy + 0521}
Dyy = 1{Viy < Z1y — 0.5Z0,}
Yig(1,1) = 1+ 0.5U, 4+ 2Vig + Vit _irg — VigViar—iygri = 0, 1
Yiy(1,0) = 34 0.5U, 4+ 2Viy + Via_iyg — VigVir_i)g» i = 0,1
Yig(0,1) = 34 0.5U, + 2Viy — VigVia—iygi = 0,1

| Vig(0,0) = 2+ 05U, + 2V;y — VigVir—iyi = 0, 1,

where the group-level disturbance U, € R is generated i.i.d. from the uniform distribution
U(0,1) and is independent of (Zy,, Z1, ‘709, ‘719). The observed individual outcome Y, is

derived from

Yig =[Yig(1,1)Di1_ayy + Yig(1,0)(1 — Daiyg)] Dig
+ [Yig(oa 1) Da—ig + Yig(0,0)(1 — D(l_i)g)] (1= Dig), i =0,1.

In our data generating process, the instrument vector Z, is independent of the unob-
served heterogeneities and potential outcomes, (XZQ, Ug)idaecfoy, satisfying Assumption 1.
Moreover, Z, does not directly affect the outcome Y;,(d, d'), in accordance with Assumption
2. The threshold function h,(-) in the treatment assignment equation is specified as a first-
order polynomial in the instrument, satisfying the first condition in Assumption 11. For the
potential outcomes, their conditional means given Vg, and Vj, satisfy the third condition
in Assumption 11. Therefore, the data generating process satisfies all identification and
parametric assumptions.

I apply the method in Section 3.2 to estimate and construct 95% confidence intervals
for the marginal controlled spillover (MCSE) and direct effects (MCDE) at selected evalu-
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ated points (pg, p1). In the final step of computation, directly evaluating the integrals ]gd,,
j =0,1,2,3,4, at each estimated (ﬁog, ﬁlg) is analytically intractable. To address this, I
approximate the integrals using numerical integration. Specifically, I employ the Gauss-
Hermite quadrature method, which I have verified to be both accurate and computationally
efficient.

I arbitrarily select the following evaluation points,
(po,p1) = (0.3,0.7),(0.4,0.6), (0.5,0.5), (0.6,0.4), (0.7,0.3),

for which the true MCSEs and MCDEs can be readily computed. I conduct 500 Monte Carlo
replications for each of four sample sizes, G = 1000, 3000, 5000, 10000. Table 1 reports the
coverage rates for the MCSEs, MCDESs, and the correlation parameter p.

For the MCSEs and MCDEs, when the sample size is G = 1000, the coverage rates are
already close to, but slightly above, 95% for most parameters. As the sample size increases
to G = 3000, the coverage rates decrease slightly yet remain close to 95%, with a few
parameters falling just below this threshold. For larger sample sizes, the coverage rates for
all parameters stabilize around 95%. The coverage rates for p are also close to 95% across
all sample sizes. These simulation results support the validity of our identification strategy

and parametric estimation methods.

4.2 Application: Returns to education in best-friend relationships

In the empirical analysis, I estimate the direct and spillover effects of returns to education
among the best-friend groups. I use data from the National Longitudinal Study of Adolescent
to Adult Health (Add Health)?, a nationally representative longitudinal survey that follows
a cohort of U.S. adolescents from grades 7-12 (1994-95 school year) into adulthood. The
dataset contains rich information on respondents’ family background and detailed friendship
networks during adolescence, as well as education attainment and income in adulthood.
This unique combination of longitudinal social, demographic, and economic data makes Add
Health well suited for studying the long-term effects of adolescent friendships.

The Add Health dataset collects detailed friendship information during adolescence in

both the in-home and in-school components of the Wave I survey. In each component,

2This research uses data from Add Health, funded by grant P01 HD31921 (Harris) from the Eunice
Kennedy Shriver National Institute of Child Health and Human Development (NICHD), with cooperative
funding from 23 other federal agencies and foundations. Add Health is currently directed by Robert A.
Hummer and funded by the National Institute on Aging cooperative agreements U01 AG071448 (Hummer)
and U01AG071450 (Hummer and Aiello) at the University of North Carolina at Chapel Hill. Add Health
was designed by J. Richard Udry, Peter S. Bearman, and Kathleen Mullan Harris at the University of North
Carolina at Chapel Hill. No direct support was received from grant P01 HD31921 for this analysis.
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Table 1: Coverage Rate of 95% Confidence Intervals for Parametric Estimators

Coverage rate
(0.3,0.7) (0.4,0.6) (0.5,0.5) (0.6,0.4) (0.7,0.3) p
Panel A1: MCDE (G = 1000)

d=1 0.95 0.952 0.964 0.972 0.958 0.948

d=0 0.96 0.958 0.962 0.96 0.958 ™
Panel A2: MCSE (G = 1000)

d=1 0.958 0.962 0.972 0.966 0.96 0.948

d=0 0.964 0.968 0.956 0.954 0.942 ™
Panel B1: MCDE (G = 3000)

d=1 0.952 0.944 0.946 0.946 0.958 0.942

d 0.952 0.944 0.946 0.936 0.936
Panel B2: MCSE (G = 3000)

d=1 0.952 0.948 0.948 0.94 0.942 0.942

d=0 0.938 0.93 0.932 0.944 0.932 ™
Panel C1: MCDE (G = 5000)

d=1 0.942 0.95 0.95 0.954 0.932 0.94

d 0.952 0.94 0.928 0.918 0.936 '
Panel C2: MCSE (G = 5000)

d=1 0.944 0.948 0.922 0.924 0.926 0.04

d=0 0.958 0.956 0.938 0.946 0.966 '
Panel D1: MCDE (G = 10000)

d=1 0.932 0.938 0.948 0.954 0.944 0.94

d=0 0.926 0.936 0.948 0.946 0.958 '
Panel D2: MCSE (G = 10000)

d=1 0.938 0.95 0.946 0.94 0.954 0.94

d=0 0.95 0.952 0.95 0.954 0.95 '

Note: The reported Monte Carlo coverage results are based on 500 replications, with the number of
groups set to G = 1000, 3000, 5000, 10000.
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respondents are asked to list up to five male and five female friends, ranked from best to
fiftth best. I construct best-friend groups, each consisting of two respondents, by matching
individuals who mutually nominate each other as their best friend. Following Card and
Giuliano (2013), I first identify best-friend pairs from the Wave I in-home interviews. I
then match any remaining mutually nominated best-friend pairs from the Wave I in-school
interviews. Because respondents can nominate the best friend of each gender, I prioritize
opposite-gender pairs: if a respondent appears in two different best-friend groups, I retain
the group consisting of opposite-gender best friends.

The relationship between an individual’s own education and their income has been ex-
tensively studied in the economics literature. In contrast, relatively little attention has been
paid to how a best friend’s education attainment influences an individual’s earnings. Such
an effect may operate through two competing channels.

In this empirical study, I investigate the effect of a best friend’s education attainment on
an individual’s earnings and assess which channel, information sharing or competition, plays
the dominant role within best-friend networks. Importantly, our identification framework
assumes that spillover effects occur only within the same network and do not extend across
different networks. In the context of returns to education, this implies that any effect of
another person’s education is restricted to the identified best friend, with no cross-pair
spillovers. I take the total personal yearly pre-tax income from the Wave III in-home survey
and apply a natural logarithm transformation to construct the outcome variable Y. The
binary treatment variable D is set to 1 if the individual has completed at least 16 years
of education and 0 otherwise. I include the age, gender, race, health status, and family
income as the controlled covariates X. I assume that, conditional on the observed covariates,
the coefficients (ayy, Bi4p) in the potential outcome equations are identical for individuals
i € {0,1} within the same group.

For the continuous instruments Z, I construct measures based on the average parental
education level of the individual’s non-best friends, defined as all listed friends who are not
ranked as the best friend. The average parental education of non-best friends may influence
an individual’s education attainment through channels such as shaping aspirations, fostering
self-confidence, or behavioral sharing (Cools, Fernandez, and Patacchini, 2019). Further-
more, conditional on covariates capturing demographic and socioeconomic characteristics,
the family background of non-best friends is plausibly independent of the individual’s unob-
served heterogeneity. This is because weaker social ties, such as those with non-best friends,
are less likely to exhibit the strong peer spillovers characteristic of best-friend relationships,
and any residual correlation in unobservables is unlikely to persist once observed similarities

are controlled for. Therefore, Assumption 1 is likely to hold in this context.
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The average parental education level of non-best friends during adolescence is unlikely to
have a direct effect on an individual’s yearly income in adulthood. This is because weaker
social ties, such as those with non-best friends, generally lack the sustained and intensive
interactions needed to shape long-term labor market outcomes. Unlike best friends, non-best
friends are less likely to share close personal networks, exchange detailed career information,
or provide direct referrals in the labor market. Moreover, by adulthood, many of these
weaker ties from adolescence are no longer active, further limiting the scope for any direct
influence on earnings. Therefore, any effect of non-best friends’ parental education on the
individual’s income is likely to operate indirectly through its influence on the individual’s
own education attainment, rather than through direct channels. Hence, Assumption 2 is
plausibly satisfied in this setting.

I also require that the education decisions of best friends do not directly affect one an-
other. This assumption is plausible because, while best friends may share aspirations or study
habits, the final decision on how many years of education to pursue is typically determined
by individual specific factors, such as academic ability, that are not directly changed by the
best friend’s decision. Therefore, any influence between best friends’ education outcomes
is more likely to operate indirectly through shared environments or information exchange,
which aligns with the simultaneous incomplete information framework underlying our set-
ting, rather than through direct strategic interaction in determining each other’s years of
schooling.

After excluding best-friend pairs in which both members have missing values for the
treatment D or the instrument Z, the sample comprises 1,019 best-friend pairs. Given the
limited sample size, the parametric framework outlined in Section 3.2 is applied under the
parametric conditions specified in Assumption 11. The estimated correlation between best
friends’ unobservables Vp, and Vi, is 0.36, indicating a positive dependence structure among
unobservables within best-friend networks.

Figure 3 plots the point estimates and the 90% and 95% confidence intervals of the
marginal controlled spillover and direct effects by conditioning on the peer’s unobservable
V_; = 0.5 and varing the value of individual’s own unobservable. The covariates are fixed
at their sample means. The blue solid line depicts the point estimates of the MCSEs and
MCDESs, while the light and dark gray shaded areas represent the 95% and 90% confidence
intervals, respectively. The red dotted line corresponds to the estimated parametric standard
MTESs, which deviate substantially from the estimated MCSEs and MCDEs and lie outside
their confidence intervals in most cases. This divergence provides empirical evidence of
spillover effects between best friends, indicating that the standard MTE framework fails to

retain a causal interpretation in the presence of such spillovers.
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Figure 3: Estimation and Confidence Bands for MCDEs and MCSEs of Returns to
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Note: The blue solid line shows the point estimates of the MCSEs and MCDEs, while the light and dark
gray shaded regions represent the 95% and 90% confidence intervals. The red dotted line indicates the
estimated parametric standard MTEs.

The results reveal substantial heterogeneity across these parameters. In particular, the
estimates of the MCDEs with d = 1, which capture the direct effect of completing at least
16-year education given the best friend has completed at least 16 years, are positive and
statistically significant at the 5% level across most values of the individual unobservable V;.
However, the estimates of MCDEs with d = 0, which measure the direct effect of completing
at least 16 years of education given the best friend has not completed this level, are not sta-
tistically significant, even at the 10% level, across all values of the individual unobservable
V;. This discrepancy may reflect complementarities in human capital accumulation within
best-friend pairs, consistent with the first channel discussed earlier: a highly educated best

friend can provide valuable labor market information and opportunities that enhance the
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returns to one’s own education. When both friends attain higher education, they may re-
inforce each other’s labor market prospects through stronger professional networks, mutual
encouragement in career development, or joint access to high-return opportunities. In con-
trast, when the best friend has lower education attainment, such reinforcing mechanisms
may be absent, weakening the direct effect of one’s own education on earnings.

Figure 3 also presents the estimated MCSEs along with their confidence intervals. The
MCSEs with d = 1, which capture the spillover effect of the best friend completing at
least 16 years of education given the individual has completed 16 years, are significantly
positive at the 5% level for some values of the individual unobservable V;. In contrast,
the MCSEs with d = 0, which measure the spillover effect of the best friend completing
at least 16 years of education given the individual has not completed 16 years, are even
significantly negative at the 10% level when V; is around 0.5 (approximately the value of the
peer’s unobservable V_;), suggesting potential adverse spillover effects for some individuals.
These patterns are consistent with the two channels through which a best friend’s education
attainment may affect an individual’s earnings. The findings suggest that the information
and opportunity channel dominates the competition channel when the individual is also
highly educated, leading to positive and significant spillover effects. Conversely, when the
individual has not completed 16 years of education, the competition channel appears to
dominate, particularly among pairs with similar values of unobserved heterogeneity, resulting
in negative estimated spillover effects. This asymmetry suggests complementarities in human
capital and opportunity sharing among equally educated peers, and the potential for relative

disadvantage when education attainment differs within a best-friend pair.

5 Extensions

The baseline framework can be generalized to accommodate various settings in which spillovers
occur within predefined groups. First, point identification of the marginal controlled spillover
and direct effects is established when outcomes depend on an exposure mapping function,
rather than the full vector of group members’ treatment statuses. Subsequently, Appendix I
extends the analysis to environments with continuous endogenous treatments, demonstrat-
ing that the marginal controlled spillover and direct effects remain point identified in such

cases.
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5.1 Exposure to functions of peers’ treatments
5.1.1 Setting

In many applications, the predetermined groups within which spillovers occur can be large
or vary in size. For example, when groups are defined at the level of schools, villages,
or communities. In such cases, modeling outcomes as a function of the entire vector of
group members’ treatments may become infeasible. To address this issue, I instead adopt a
framework in which the outcome of unit ¢ in group g, denoted Y;,, depends on the unit’s own
treatment D;, and on a known function of the full vector of group treatments, denoted Hj.
This function H, summarizes the group’s effective treatment, consistent with the notion of
an effective treatment in Manski (2013) and the exposure mapping framework of Aronow and
Samii (2017). By reducing the dimensionality of peer treatments to an interpretable exposure
measure, this approach allows for the analysis of spillovers in large or heterogeneous groups
while maintaining tractable identification and interpretation.

I consider a sample of G independent and identically distributed groups, indexed by
g = 1,--- G, where spillovers are restricted to occur within groups and not across them.
Unlike the baseline framework, each group now consists of n, members, where the group
size ng is allowed to vary across groups. To capture peer effects in this heterogeneous group
size setting, I assume that the outcome of interest depends not on the full treatment vector
but rather on a group-level exposure mapping, H, : D, — R, where D, denotes the vector
of individual treatment assignments within group g. This mapping H, is assumed to be
continuous and correctly specified by the researcher. A common and tractable specification
is the proportion of treated individuals in the group, given by H, = 1%, D;,/n,. Because
treatment assignments D, are observed, researchers can directly recover the realized values
of H, for each group.

I specify the outcome for individual ¢ in group g as Yi, = Y;,(D.g, Hy, Uiy, U_; 4), so that
outcomes may depend on the individual’s own treatment D;,, the continuous group-level
exposure H,, and both the individual’s unobserved characteristics U;, and those of her peers
U_; 4. Ilet Y;,(d, h) represents the potential outcome for unit i given D;; = d and H, = h.

I formulate the following equations to model spillovers that operate through the group-
level exposure H,. Throughout this section, I retain the subscript g to distinguish individual
level variables (indexed by ig) from group level variables (indexed by g), thereby clarifying

how exposure-driven spillovers enter the model.
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Yig = Yig(1, Hy) Dig + Yig(0, Hy)(1 — Dyy)
Dig =1 {V;g < hi(Zigv Z—ig)} (11>
H,=m(Z,¢,)

In Equation (11), I formulate the outcome equation within the classical potential out-
comes framework, specifying that each individual’s outcome depends on her own binary
treatment status, D;, € {0, 1}, as well as the group-level exposure H,. A key feature of our
framework is the recognition that both the individual treatment D;, and the group exposure
H, may be endogenous. Specifically, D;, may correlate with unobserved individual-level
characteristics that also influence the outcome. Likewise, the group exposure Hy, which is
defined as a function of all group members’ treatments, may depend on group-level unob-
servables that also affect the individual outcome.

To address the endogeneity of the individual treatment D;,, I model it using a single-
threshold crossing rule, analogous to the specification in the basic setting. Specifically,
individual 7 selects into treatment if the unobserved characteristic V;, falls below a threshold
hi(Zig, Z_is). The threshold function depends on the vector of instruments assigned to
individual 4, Z;4, or additionally on the instruments assigned to other group members, Z_;,.
As before, I do not impose any functional form restrictions on the threshold function h; to
preserve flexibility in how instruments affect treatment selection. In addition, the subscript
1 allows for heterogeneity in threshold functions across individuals within the same group.

To account for the potential endogeneity of the group-level exposure Hy, I introduce
a group instrument Z, and assume that H, follows a reduced-form relationship given by
H, = m(Z,,¢,), where ¢, € R represents an unobserved group-specific characteristic. The
group instrument Z, may take various forms. For instance, it may correspond to the full
vector of individual instruments (Zg)icq1,.. ng}» OF to an aggregate statistic such as the aver-
age instrument level within the group. The random variable €, captures latent group-level
heterogeneity, potentially containing factors such as the group’s social cohesion or the depen-
dence structure among individual-level unobservables (Vig)ie(1,... n,}- 1 impose no functional
form restrictions on m(-) to maintain flexibility in the modeling of group exposure. In ad-
dition, I do not restrict the dependence structure between the individual unobservable V;,
and the group-level unobservable ¢,, allowing for arbitrary correlation between individual-

and group-level latent factors.

Remark 6. (Reduced function of H;) To explain the reduced-form function of H,, consider
a scenario where the exposure function H,, is defined as the average treatment level within
group g, H, = Y%, D;,/n,, where n, denotes the number of members in group g, which may

vary across groups. Let Z, represent the set of indices for individuals in group g. Assume
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that the group comprises two types of individuals:

1. Type 1: Individuals indexed by i € Igl C Z,, which have unobserved individual unob-
servable Vi, = ¢4, €4 € (0, 1).

2. Type 2: Individuals indexed by j € Ij =1, \I;, with individual unobservable V;, =

1—¢,.

Here, ¢, € (0,1) captures unobserved heterogeneity at the group level, influencing the
individual-level unobservables for both types. Additionally, assume that Type 1 individ-
uals constitute an e4-proportion of the group, i.e., |I;] /|Z4| = €4. Furthermore, suppose that
individual treatment decisions depend on a group-level instrument Z,, D;, = 1{V;, < h(Z,)}.

Under these assumptions, the exposure H, can be expressed as an explicit function of g,
and Z,

1 & 1 1
Hg :n_Zng = n_zng‘i‘n_Zng
9 i=1 9 iex} 9 iex?
:591{59 < h(Zg)} +(1— 59)1{1 —&gg < h(Zg)}-

In this framework, ¢, not only reflects the proportion of each individual type within the
group but also captures the unobserved heterogeneity among different types of group mem-
bers. More generally, the exposure level H, can be represented as an unknown reduced-
form function of the group-level unobservable ¢, and the instrument Z,, where e, can be
interpreted as a scalar latent variable that fully summarizes the group-level unobserved het-
erogeneity relevant for determining exposure. Formally, I write H, = m(Z,,¢,), with m(-)
left unspecified. One convenient interpretation is to view m(z, e) as the quantile function of
the conditional distribution of exposure, Qp,|z,—-(€), and to define €, as the corresponding

conditional cumulative distribution function, e, = Fi, |z, (H,).

Remark 7. (Random saturation framework) Our exposure-mapping framework can accom-
modate randomized saturation designs, such as those studied in DiTraglia et al. (2023),
where each group is randomly assigned a saturation level—defined as the proportion of in-
dividuals offered treatment within the group. In this context, the group-level instrument
Z4 corresponds to the randomized saturation assignment for group g, while the group ex-
posure H, reflects the average treatment take-up within the group. Unlike their approach,
which requires one-sided noncompliance and an individualized offer response assumption, our
methodology does not impose restrictions on the compliance behavior and allow the treat-
ment take-up to depend on other group members’ treatment assignment, thereby capturing

richer forms of spillovers and strategic behavior.
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Crucially, our identification strategy is based on a reduced-form modeling of the group
exposure and outcome equations. This approach eliminates the need to specify random
coefficient models or to model the distribution of compliance types explicitly. Within our
framework, the group-level unobservable €, can be viewed as a scalar proxy for the fraction
of compliers in the spirit of DiTraglia et al. (2023), while more broadly capturing latent

heterogeneity in group responsiveness without imposing restrictive parametric assumptions.

In the exposure mapping framework, I redefine the marginal controlled spillover effect
(MCSE) and the marginal controlled direct effect (MCDE) relative to the basic setting by
explicitly conditioning on both the individual-specific unobservable V;, and the group-level

unobservable €4, which accommodates heterogeneity at both the individual and group levels.

Definition 3. (MCSE and MCDE: Exposure mapping setting) Consider the model specified
in Equation (11).

1. Fix the treatment of unit ¢ in group ¢ to be D;, = d, d € {0,1}. I define the marginal
controlled spillover effect (MCSE) of changing the exposure level from h to b/, where
h,h' € R, conditional on the individual unobservable V;, = py and the group-level

unobservable ¢, = py, as

MCSEzg(da hla h;p07pl) = E[Y:Lg(dv hl) - Y:ig<d7 h) | ‘/ig = Po, 89 = pl] .

2. Fix the exposure level in group g as H, = h, h € R. I define the marginal controlled
direct effect (MCDE) for individual ¢, conditional on the individual unobservable V;, =

po and the group-level unobservable e, = p;, as

MCDE;q (h; po, p1) = E[Yig(1,h) — Yig(0, k) | Vig = po, ey = p1]

5.1.2 Identification

Identification in this setting is achieved under Assumptions 14-15.

Assumption 14. (Random assignment: Exposure mapping setting) I assume that the in-

strument vector is randomly assigned across groups, so that for any g € {1,--- ,G},

(Zigv Zg)ie{l»--- ngy AL (Y;'g(dv h), Vig: Eg)de{o,l},heR,ie{l,m ng}’

Additionally, the instruments (Zy, Zg)ie{1,... n,} satisfy an exclusion restriction in that they

do not directly affect the outcome Y.
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Assumption 14 requires that the vector of instruments assigned to individuals and the
group must be randomly assigned at the group level, such that they are independent of all
potential outcomes, as well as of both individual- and group-level unobservables. Moreover,
under the model structure in Equation (11), the instruments also satisfy the exclusion re-
striction, in the sense that they influence outcomes only through their effect on treatment

take-ups and exposure, and do not directly enter the outcome equation.

Assumption 15. (Monotonicity of m) Given the instrument values Z, = 2z € R*, the

function m(z, e) is continuous and strictly monotonic in e.

The monotonicity condition in Assumption 15 ensures that the group-level treatment H,
is a one-to-one mapping of the group-level unobservable €4, conditional on the instruments.
Specifically, for any given Z, = z, the reduced-form relation H, | (Z, = z) = m(z,¢,) can
be inverted with respect to ¢, yielding ¢, | (Z, = z) = m;'(H,). Thus, under the random
assignment assumption 14, I obtain the control function representation ¢, = mggl (Hy). As
established in Goff, Kédagni, and Wu (2024), if the conditional distribution Fy |z, is strictly
increasing and continuous, then the monotonicity condition is not an additional structural
restriction but instead follows directly from the reduced-form interpretation of the exposure
mapping function discussed in Remark 6.

I define the individual-level propensity score function for unit i in group g, consistent
with previous definitions, as P,(2) = P(D;y, = 1| Z;; = z). In addition, I define the group-
level propensity score function for group g as P,(z,h) = P(H, < h | Z, = z). 1 denote by
P the support of the joint propensity score function (P, P,). As shown in the Appendix
J, the individual-level propensity score function identifies the individual threshold function
hi(-), while the group-level propensity score function identifies the inverse of the exposure
mapping, mggl(Hg). Taken together, these results imply that both individual- and group-
level propensity score functions can be used as control functions, allowing us to account for
unobserved heterogeneity in the outcome equation and thereby achieve identification of the

marginal controlled spillover and direct effects.

Theorem 5. (Identifying MCSEs and MCDEs: Exposure mapping setting) Consider the
model specified in Equation (11). Suppose that Assumptions 3, 14, and 15 hold. For
d € {0,1}, h € R, and (pg,p1) € P, I impose the following additional conditions: (i)
EYigDig | Hy = h, Pig(Zg) = po, Py(Zg, Hy) = pr] and P(Dig = 1| Hy = h, Py(Z,) =
po, Py(Z,, H,) = p1) are differentiable with respect to po; (ii) the marginal treatment response

functions
mg‘(gi,h) (p()?pl) =K [}/Zg (d, h) | ‘/ig = p078g — pl]
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are continuous; and (iii) the conditional density fy; |, is bounded from above and away from

Zero.
Then, mgj’h) (po, p1) is identified as
0
a_poE D/zg]l{ng - d} | Hg = hapig (Zg) = pO’Pg (Zg’Hg) = pl] /
0
a_pO]P<Dig =d | Hy = h, Pig(Zg) = pO,Pg<ng Hg) =p1).

By taking appropriate differences of the marginal treatment response functions, I obtain
identification of the marginal controlled spillover effect (MCSE) and the marginal controlled
direct effect (MCDE).

Proof. See Appendix J. n

6 Conclusion

This paper develops a general framework for identifying causal effects in environments with
within-group spillovers and endogenous treatment decisions. By relaxing the Stable Unit
Treatment Value Assumption (SUTVA), the framework accommodates settings in which an
individual’s outcome depends not only on her own treatment but also on the treatment
selection of group members. It further allows each individual’s treatment decision to depend
on instruments assigned to other group members.

The paper introduces two classes of causal parameters, he generalized local average con-
trolled spillover and direct effects (LACSEs and LACDESs) and the marginal controlled
spillover and direct effects (MCSEs and MCDEs), which extend the standard local aver-
age and marginal treatment effect frameworks to settings with spillovers. The LACSEs
and LACDEs quantify peer and own treatment effects for specific subpopulations, while the
MCSEs and MCDEs capture these effects conditional on continuous values of unobserved
heterogeneity within groups. The paper formally establishes general conditions for the point
identification of the LACSEs and LACDES, characterizing the instrumental variation neces-
sary for identification regardless of whether the instruments are discrete or continuous. It
also shows that the MCSEs and MCDEs are nonparametrically point identified from contin-
uous instrumental variation without imposing functional form restrictions on the outcome
equation or on the joint distribution of unobserved characteristics within the group, thereby
accommodating flexible forms of spillover structures.

These results extend existing approaches to causal inference with spillovers, showing that

the MCSE-MCDE framework provides a natural generalization of the standard marginal
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treatment effect (MTE) model to spillover settings. Furthermore, the paper establishes
that these marginal controlled effects serve as building blocks for policy-relevant treatment
parameters (PRTEs), enabling the evaluation of both direct and spillover effects under coun-
terfactual policy interventions.

For estimation and inference, the paper develops a semiparametric estimation strategy
that builds on Carneiro and Lee (2009), extending it to accommodate within-group spillovers
while mitigating the curse of dimensionality associated with covariates. Asymptotic proper-
ties of the semiparametric estimators are derived, and a parametric estimation framework is
proposed as a practical complement when sample sizes are limited or group sizes are large.
Monte Carlo simulations demonstrate that the parametric estimators perform well in finite
samples, providing accurate estimates and confidence interval coverage.

An empirical application using the National Longitudinal Study of Adolescent to Adult
Health (Add Health) illustrates the framework’s practical relevance. The analysis exam-
ines how education attainment affects long-term earnings within best-friend networks. The
results indicate positive dependence between friends’ unobserved characteristics and reveal
heterogeneous spillover patterns, showing that both the magnitude and direction of peer
influences vary with individuals’ and their best friends’ education attainment.

Finally, the paper extends the framework to settings with exposure mappings, where
outcomes depend on a known function of group members’ treatments rather than the full
treatment vector. This generalization broadens the applicability of the framework to envi-
ronments with varying or large group sizes, while preserving nonparametric point identifica-
tion under continuous instrumental variation. The appendix further extends the analysis to
settings with continuous endogenous treatments and establishes point identification results
under continuous instruments.

Overall, the proposed framework offers an econometric foundation for identifying and es-
timating causal effects in the presence of within-group spillovers and endogenous treatments.
It provides theoretical and practical tools for studying a wide range of social, education, and
economic interactions. Future research could extend the framework by modeling endoge-
nous group formation, and by developing more efficient semiparametric estimation methods

to enhance finite-sample performance.
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Appendices

A Further Details of the Modeling Framework

A.1 Endogenous Effects in the Outcome

Some studies (e.g., Bramoullé, Djebbari, and Fortin, 2009) model spillover effects using
a system of structural equations in which a unit’s outcome may directly depend on the
outcomes of their peers. When outcomes among group members influence one another, such
interactions are typically referred to as endogenous effects. In contrast, this framework does
not explicitly model endogenous effects, since Y; does not directly depend on the outcomes
of unit i’s peers, Y_;. However, this should not be interpreted as ruling out the possibility of
endogenous effects within the model. As discussed in Manski (2013), the potential outcome
Yi(d,d’) can be interpreted as a reduced-form solution of underlying structural models that
include endogenous effects.

For illustration, consider a system of linear structural equations for Y;, where i € {0,1},

within group g. The group subscript g is omitted for notational simplicity.

Yo = oo+ Dy + ao Dy + azYy + Uy + 11Uy,
Y1 = Bo + BiD1 + B2 Do + B3Yy + Ui + 72Uy, o383 # 1

where D; denotes unit i’s treatment and U; captures unobserved factors. One can solve the
system to obtain a reduced-form expression for Y; as a linear function of D; and D_;, without

explicitly involving Y_;:

_ o+ asgfo + (o1 + asBa) Do + (a2 + asf1) Dy
1 — a3f3
(1+ a3v2) Up+ (11 + a3) Un
+ ,
1 —asfs
:50 + By + (B + Bsae) Dy + (B2 + Bsar) Dy
1 —a3fs
(14 B3v1) Uy + (B3 + v2) Uy
+ .
1 — a3

Yo

Yig

Therefore, Y;(d,d') can be interpreted as solutions for Y; when the treatment assignments are
set to D; = d and D_; = d’. This interpretation remains valid when the structural functions
are nonlinear. In the nonlinear case, the link between the potential outcome equations

and the underlying structural models is less transparent, though it can still be derived by
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researchers in the context of specific applications. In this paper, however, the focus is on the
reduced-form treatment effects of a unit’s’ own and peers’ treatments, rather than on the

structural parameters embedded in the structural equations.

A.2 Simultaneous Incomplete Information Game

In this framework, unit ¢’s treatment decision does not directly depend on her peers’ treat-
ment choices D_;, implying the absence of strategic interaction in treatment take-up. This
structure is consistent with a simultaneous incomplete information game, as analyzed in
Aradillas-Lopez (2010). In such a framework, V; represents private information observed only
by unit ¢, while Z = (Z;, Z_;) is a vector of public signals observed by all group members.
Each unit 7 forms a subjective belief about the joint distribution P;(D; = 1,D_; = 1| Z),

and makes an optimal decision accordingly. The decision rule for unit ¢+ can be derived as

[

~
Unit i’s belief, function of Z

The optimal decision function satisfies the single threshold crossing structure imposed in our
setting, with unit i’s belief captured by the threshold function h;(Z). Aradillas-Lopez (2010)
provides conditions for the existence and uniqueness of equilibrium beliefs. For a detailed
discussion of the simultaneous-move game of incomplete information, see Aradillas-Lopez
(2010).

In contrast, other studies, such as Balat and Han (2023) and Hoshino and Yanagi (2023),
focus on settings with direct strategic interactions between D; and D_;. However, those
models do not allow unit i’s treatment to be directly influenced by peer instruments Z_;.
Both incomplete information games and models with strategic interaction are empirically
relevant, and their associated identification strategies can be viewed as complementary to

the framework developed in this paper.

B Proof of Identification for LACSEs and LACDEs

Identifying the generalized LACSEs: Suppose that two distinct pairs of propensity scores,
(po, p1) and (po, p}), exist in P with p}| > p;. The following discussion illustrates how this
variation can be exploited to identify the local average controlled spillover and direct effects
described in Item 1 of Theorem 1.

Given (pg,p1) € P, consider the observed conditional expectation E[Y;D;,D_; | P, =
po, P—; = p1]. This expectation identifies the average potential outcome Y;(1,1) for the
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subpopulation whose unobserved characteristics lie in the region {V; < po, V_; < p1 }:

E[Y;D;D_; | P; = po, P-i = p1] = E[Yi(1, 1)1{V; < po, Vo < i} | P = po, Pi = p1]
E[Y:(1, 1)L{V; < po, Voi < pi} ],

where the second equality holds because the propensity scores are functions of the instru-
mental variables and are therefore independent of the potential outcomes and unobservables
(V;,V_;), as implied by Assumption 1. Similarly, evaluating E[Y;D;D_; | -, -] at (po, p}) iden-
tifies the mean potential outcome Y;(1,1) for the subpopulation with {V; < po,V_; < pi}.
The difference between this and the expectation evaluated at (pg,p;) identifies the average

potential outcome Y;(1,1) for the subpopulation characterized by {V; < po,p1 < V_; < pl},

E[Y;D;D_; | P; = po, P_; = pi| —=E[Y;D;D_; | P; = po, P_; = p|

(12)
=E[Y;(1, )I{V; < po,p1 < V_; < pi}],

which implies that the subpopulation characterized by {V; < po,p1 < V_; < p}} switches
to the treatment combination (D;, D_;) = (1,1) when the peer’s propensity score increases
from p; to p}, holding unit i’s score fixed at py.

Applying the same logic to the conditional expectations E[Y;D;(1 — D_;) | -, | evaluated
at (po,p1) and (po,p}) yields the negative of the average potential outcome Y;(1,0) for the

same subpopulation,

E|Y;D;(1 — D_;) | Pi = po, P; = p}] —E[Y;Di(1 — D_;) | P = po, P—; = p1]

(13)
= —E[Yi(1,0)1{Vi < po,pr < V_i <pi}],

indicating that these units transition away from the treatment combination (D;, D_;) = (1,0)
under this change in propensity scores.

Summing Equations (12) and (13) identifies

E[Y:D; | P, = po, Py = py] —E[Y:D; | P, = po, P~ = p1]
=E[(Yi(1,1) — Yi(1,0))1{V; < po,p1 < V_i < pi}],

which is an average spillover effect for the subpopulation {V; < pg,p1 < V_; < p}}, holding
unit i’s treatment fixed at D; = 1. Additionally, the share of the subpopulation {V; <
Po,p1 < V_; < pi} can be identified from

E[D;D_; | P, = po, Py = pi| =E[D;D_; | P, = py, P—; = p1],
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allowing the local average controlled spillover effect LACSEEI)(Vi < po,p1 < V_; < pl) to be
identified as

1t (9o, py) — 1 (o, 1)

C (pO»p/l) - C (p(bpl)

= LACSE{"(V; < po,p1 < Voi < 1),

where 17 (po,p1) = EViL{D: = d} | P; = po,P-i = pi], d € {0,1}, and C(po,p1) =
E[D;D_; | P; = po, P-; = p1].
Replacing D; with (1— D;) in Equations (12) and (13) and repeating the same steps yield

EY;(1—=D;) | P;=po, P-; = pi] —E[Yi(1 = D;) | P, = po, P-; = p1]
=E[(Yi(0,1) — ¥;(0,0)) 1{V; > po, ;1 < V_; < pi}],

which identifies the average spillover effect for the subpopulation {V; > po,p1 < V_; < pi},
holding unit i’s treatment fixed at D; = 0. Dividing by the proportion of the subpopulation,

which is identified from

(P} — p1) = [C(po, py) — Clpo,p1)] =P(V; > po, ;1 < V_; < pf),

then the local average controlled spillover effect LACSEZ(O)(VZ- > po,p1 < Vi < p}) can be

identified as
1 (po, py) — 1 (po. 1)

= LACSE!”(V; > po, p1 < V_; < 1)).
=) - C o) — C Goupr)] (V> po.py 2

Identifying the generalized LACDFEs: Suppose there exist two pairs of propensity scores,
(po,p1) and (py, p1), with py > po. The difference in the observed conditional expectations
E[Y;D;D_; | -, -] evaluated at these two points identifies

E[YviDini | Pi = pp, Pi = p1] - E[Y%DiD—i | P, = po, P_i = pl]

(14)

indicating that the subpopulation with unobserved characteristics {py < V; < pp, V_; < p1}
transitions to the treatment configuration (D;, D_;) = (1,1) when the propensity scores shift
from (po, p1) to (pg, p1). Similarly, the difference in conditional expectations E[Y;(1—D;)D_; |
-, ] evaluated at (pg,p1) and (pg, p1) identifies

E[Y:(1 - Dy)D_; | P; = py, Py = p1] — E[Yi(1 = Di)D_; | P; = po, P_; = p1]

(15)
= —E[Yi(0,1)1{po < Vi < pp, Voi < p1}],
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implying that the same subpopulation moves away from the treatment configuration (D;, D_;) =
(0,1) under this change in the propensity scores.
Summing Equations (14) and (15) identifies
E[Y:D_; | P, = py, P-i = p1] —E[Y;D_; | P, = po, P-i = p1]

which is the average direct effect for the subpopulation {py < V; < pf,, V_; < p1}, holding the

peer’s treatment fixed at D_; = 1. The share of this subpopulation can be identified from
E[DiD—i | Pi ZPB,P—i = pl} - ]E[DiD—i | P = po, P :pl]v

so the local average controlled direct effect LACDEgl)(po < Vi <pp, Voi < pyp) is given by

'“z(l—)z (ph, p1) — Mz(l_)z (o, p1)

C (p67p1) - C (p(]?pl)

= LACDEW (po < Vi < ply, Vi < p1),

where i, (po, p1) = E[Y;1{D_; = d} | P; = po, P—; = p1], for d € {0,1}.

Replacing D_; with (1—D_;) in Equations (14) and (15) and repeating the same reasoning

identifies

E|Y;(1-D_) | P, =py, Poi =p| —E[Yi(1 — D_;) | P = po, P—; = p1]
which corresponds to the average direct effect for the subpopulation {py < V; < pp, V_; > p1},

holding the peer —i’s treatment fixed at D_; = 0.
Dividing by the fraction of this subpopulation, which is identified as

(p{) —po) - [C(pf),pl) - O(Pmpl)} = P(po <V <pp, Vi > p1)7

yields the local average controlled direct effect

Mz(',ozi(pf)apl) - :uz(,ozi(pmpl)

(b — po) — [C (P p1) — Clpo, p1)]

Identifying the generalized LACSEs and LACDFEs: Suppose now that the support of the

propensity scores exhibits greater variation, such that four distinct pairs of propensity scores,

= LACDE (po < Vi < p\, Voi > p1).

(po,p1), (Po, D)), (P4, p1), and (py, p)), exist in P with pj > pg and p| > p;. These variations
enable the identification of LACSEEd)(P) and LACDE iY(P) for d € 0, 1, corresponding to
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the subpopulation with unobserved characteristics in the region {py < V; < pj,p1 < V—i <
Pi}

For example, applying the identification strategy developed earlier to the points (pj, p1)
and (p;, p}) identifies the average spillover effect for the subpopulation {V; < pj,p1 < V_; <
P} }, holding unit ¢’s treatment fixed at D; = 1, as

E[YiDi | Pi = pp, P :pﬁ] —E[Y%Di | Py = pp, P :pl]

Subtracting the previously identified average spillover effect for the subpopulation {V; <
po,p1 < Vo < pi} yields

(E[YiD; | P, = py, P_i = py] —E[Y;D; | P = py, P—i = p1])
— (E[Y;D; | Pi = po, P_; = pi| = E[Y:D; | P, = po, P_; = p1])
=E[ (Yi(1,1) = Yi(1,0)) 1{po < V; < php,pr < Vs < pi}],

which identifies the average spillover effect for the subpopulation {py < V; < pj,p1 < V_; <
P} }, holding unit ¢’s treatment fixed at D; = 1.
Since the proportion of the subpopulation {py < V; < pf, p1 < V_; < p}} can be identified

from
(E[Dini ‘ P = P6>P—i = p/1] - E[Dini ‘ P = pf), P_; = Pl])

- (E[DiDﬂ' | Py =po, P = pll] - E[Dini \ Py =po, Py = Pl])7

the LACSEEI) (po <Vi<pp,pm <V < p’l) is obtained as

(183 whop) = ) @hop)| = [y (o t) = 1Y (po. )|
[C (o, 1) — C (0h,p1)] = [C (o, p)) — C (po,p1)]

where ugz)(po,pl) = E[Y;1{D; = d} | P, = po, P_; = p1] and C(po,p1) = E[D;D_; | P, =
po, P_i = p1].

Applying a similar strategy, the average spillover and direct effects for the subpopulations
corresponding to the propensity score pairs (py, p1) and (pj,p]) can also be identified. By
taking differences between the previously identified average effects for the subpopulations
associated with (po,p1) and (po,p)), one can identify LACSEEd)(P) and LACDEZ@(P) for
d €{0,1}, where P = {py < V; < pp,p1 < V_; < p’l} These identification results correspond
to Item 3 of Theorem 1.

70



C Local Average Effects with Binary Instruments

This section illustrates that when the instrumental variables exhibit limited variation, addi-
tional restrictions are necessary to identify the local average controlled effects described in
Theorem 1.

Consider the case in which the instrument is binary, Z; € 0, 1, for all units ¢ across groups.
As discussed in Remark 1, the corresponding propensity scores take on only four possible
values. To apply the identification results in Theorem 1, these propensity scores must satisfy
certain equalities. Specifically, identification of LACSEs requires that any two of P;(0,0),
P;(0,1), P;(1,0), or P;(1,1) be equal, while identification of LACDEs requires that any two
of P_;(0,0), P_;(0,1), P_;(1,0), or P_;(1,1) be equal.

The one-sided noncompliance condition that frequently imposed in the literature is a
special case of these requirements. It assumes that no unit takes the treatment unless

assigned to it, which translates to
P;i(0,0) = P,(0,1) =0, P_;(0,0)=P_;(0,1)=0.
Assume that the propensity scores can be ordered as
P;(0,0) < F(0,1) < F(1,0) < B(1,1),

The four observed pairs of propensity scores corresponding to different instrument assign-

ments are illustrated as black dots in Figure 4.

Figure 4: Identifying Local Average Controlled Effects via Binary Instrument
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Under one-sided noncompliance, consider first a change in the instrument assignment
from (Z;, Z_;) = (0,0) to (Z;, Z_;) = (1,0). In this case, unit i’s propensity score increases
from P;(0,0) to P;(1,0), while the peer —i’s propensity score remains constant at P_;(0,0) =
P_;(0,1) = 0. According to Item 2 of Theorem 1, this variation identifies the local average
controlled direct effect LACDEZQ)(O < Vi < Py(1,0),0 < V_; < 1), as illustrated by the
yellow-shaded area in the left panel of Figure 4.

Similarly, if the instrument assignment changes from (Z;, Z_;) = (0,0) to (Z;, Z_;) =
(0,1), the peer —i’s propensity score shifts from P_;(0,0) to P_;(1,0), while the unit i’s
propensity score remains constant at P;(0,0) = P;(0,1) = 0. In this case, Item 1 of Theorem
1 implies identification of the local average controlled spillover effect LACSEEO)(O <V <
1,0 < V_; < P_;(1,0)), as shown by the blue-shaded area in the right panel of Figure 4. The
identified local average controlled spillover and direct effects correspond to the same causal
parameters identified in Vazquez-Bare (2022), which studies a similar setting with spillovers
in both outcomes and endogenous treatment using a binary instrumental variable.

Without additional equalities among the propensity scores, it is generally difficult to
identify the generalized local average controlled spillover and direct effects. The challenge
arises because limited variation in the instrumental variables prevents constructing two dis-
tinct pairs of propensity scores in which one unit’s propensity score changes while the other’s
remains fixed. Such variation is crucial for identification, as the model structure embedded in
the treatment selection equation implies a monotonicity condition for each unit’s treatment

decision. Specifically, if the propensity scores satisfy
P(0,0) < Pi(0,1) < P(1,0) < Pi(1, 1),

then the treatment selection mechanism implies the corresponding monotonicity in potential
treatments:
D;(0,0) < D;(0,1) < D;(1,0) < Dy(1,1),

where D;(z, 2’) denotes the potential treatment under the instrument assignment (Z;, Z_;) =
(z,2"). This condition ensures that each individual’s treatment increases monotonically with
instrument assignments, so that when one unit’s propensity score changes while the other’s
remains fixed, we can isolate and identify the corresponding local average controlled spillover
or direct effect.

However, when considering the joint treatment vector (D;, D_;) for both group members,
the same structure does not guarantee monotonicity at the pairwise level. For example, if
D;(0,1) < D;(1,0) holds for all units across groups, shifting the instrument assignment from
(Ziy Z—;) = (0,1) to (Z;, Z—;) = (1,0) leads to D;(1,0) > D;(0,1) and D_;(0,1) < D_;(1,0).
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In this case, unit ¢ switches from untreated to treated while the peer —: switches in the
opposite direction, violating monotonicity at the group level.

To restore monotonicity and achieve identification, it is therefore necessary to impose
a condition ensuring that at least two of the propensity scores remain constant when the
instrument changes. This restriction allows the propensity score of one unit to change
while the other’s remains constant, creating variation in treatment decisions where only one
unit alters its treatment status. Such variation is essential for identifying the local average
controlled spillover and direct effects.

A graphical representation helps clarify this point. Consider the case in which the propen-
sity score values do not satisfy the required equality conditions. When this occurs, local
average controlled effects cannot be identified using a binary instrumental variable. Suppose

the propensity scores follow a strict ordering,
P;(0,0) < F(0,1) < F(1,0) < Fi(1,1)

for all units, so that none of the equality conditions hold. In this case, the four observed
pairs of propensity scores are represented by the black dots in Figure 5, which fail to form

the “vertices” of a rectangle, illustrating the absence of sufficient variation needed for iden-

tification.
Figure 5: Failure of Point Identification with a Binary Instrument
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To illustrate the challenge, consider two pairs of propensity scores, (P;(0,0), P_;(0,0)) and
(P(0,1), P_;(1,0)), and use them to examine identification of the local average controlled
spillover effect while holding unit i’s treatment fixed at D; = 0. Following the identification

logic developed earlier, the observed conditional expectations E[Y;(1 — D;)D_; | -,-] and
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E[Y;(1—D;)(1—D_;) | -, -] are evaluated at these two pairs of propensity scores. Taking the
difference

ElYi(1 - Di)(1 - D) | B = F(0,1), Py = P_;(1,0)]

- E[YZ(l - Dl)(l - D—i) ‘ P = Pi(0>0)v P = P—i(0>0)]7

identifies the average potential outcome Y;(0,0) for the subpopulation corresponding to the
lighter blue L-shaped region in the left panel of Figure 5.

Taking another difference.

E[Y;(1 —D;)D_; | B, = Fi(0,1), P_; = P_;(1,0)]
—E[Y;(1-D;)D_; | P, = P,(0,0), P_; = P_;(0,0)],

does not identify the average potential outcome Y;(0,1) for a well-defined subpopulation,
because the regions of (V;, V_;) corresponding to these two treatment realizations, evaluated
at the two pairs of propensity scores, partially overlap without one fully containing the other.
As illustrated by the two blue-shaded rectangles in the right panel of Figure 5, this lack of
nesting violates the monotonicity condition at the group level.

In this case, it becomes impossible to identify averages of two distinct potential outcomes,
such as Y;(0,0) and Y;(0, 1), for the same subpopulation. Without this, taking their difference
to identify local average controlled effects is infeasible. Therefore, the generalized local
average controlled spillover and direct effects cannot be point identified unless additional
equality conditions on the propensity scores are imposed.

Since propensity scores can be recovered from observed data, these equality conditions
can be directly tested. If the required conditions are not satisfied, additional variation in

the instrumental variables is necessary to achieve point identification.

D Proof of Identification for MCSEs and MCDEs

D.1 Identifying Copula and Copula Density

Under Assumptions 1-3, the propensity score for unit ¢ can be shown as

P(D;=1|2Z;=2,Z_; = 21)
=P (V, < hi(Zi, Z_) | Zi = 20, Z_; = 21)
=P (Vi < hi(20,21) | Zi = 20, Z-i = 21) (16)
=P (Vi < hi(20, 21))
=hi(z0, 21),
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given 2y € Supp(Z;) = R¥ 2 € Supp(Z_;) = RF¥-i. The third equality follows directly
from Assumption 1. Furthermore, under Assumption 3, we normalize V; to follow a uniform
distribution ¢(0, 1), which justifies the final equality. Equation (16) shows that the threshold
function h;(Z;, Z_;) in the treatment mechanism is identified by the propensity score function
P; on its support P;.

Once the propensity scores (P;, P_;) € P of all group members are identified, the cop-
ula Cy, v, (po,p1), which characterizes the dependence structure between the unobserved

heterogeneities within the group, can be identified as

P(D; =1,D_; = 1| Pi(Zi, Z_) = po, P-i(Z-i, Zi) = p1)

:p(v < hi(Zi, Z3), Vi < hoi(Z_4,2;) | Pi(Zi, Z-3) = po, P_i(Z_s, Z;) = p1)

—P(V; <po, Vi <pr | Pi(Zi Zo3) = pon Pi(Z-02 Z) = 1) (17)
=P(V; < po, Vi < p1)

:CV'L:V—i (PO, Pl)

for (po,p1) € P, where the second equality follows from the identification of the threshold
function h; by the propensity score P;, and the last equality holds under Assumption 1.
If Assumption 4 holds and E[D;D_; | P;, P_;] is twice differentiable at (po,p1) € P, then

the copula density can be identified by taking second-order derivatives,

O’E [Dz'D—z' | P = po, Py = pl}
OpoOp:
_aQ]P(V; S Do, V—i S pl)
B Opodp1

(18)

= Cw,v_i(Po7p1)-

D.2 Identifying the marginal treatment response functions

Given the values of propensity scores P;i(Z;, Z_;) = po, P_i(Z_;, Z;) = p1, and any Borel set
A C Y, we have

ﬂ{Y € A}DD,l | P(ZZ,Z,) :po,P,i(Z,i,Zi) :p1:|

1) € A} - 1{V; < po} - IL{V_z < Pl} | Pi(Zi, Z—i) = po, P-i(Z_i, Z) :pl]
1) € A} - 1{V; < po} - 1{V_; < pu}]
(i

/ / P 1 1 G A | Vi=wvy,V_; = Ul)C\/i7v_i(’lJ0,Ul)dU0dU1,

(1,
{Yi(1,
{yi(1

5

E[
—E[1{Y;(1,1) € A} - {V; < hi(Z5, Z_)} - Vs < h_(Z 5, Z)} | PA(Zi, Z_3) = po, P-i( 25, Zi) =
=E|
=E|

p1]



where the second equality follows from Equation (16), and the third equality holds under
Assumption 1. If the function E[1{Y;(1,1) € A}D;D_; | -,-] is twice differentiable and

(11)

m; "’ (-,-) is continunous at (po,p1), by the Leibniz integral rule,

82
E|1{Yi(1,1) € A}yD;D_; | Pi(Z;, Z_;) = po, P-i(Z_i, Z;) =
S YLD € DD R(Z Z) = moPulZoZ)=m]

=P(Y;(1,1) € A| Vi=po, Vi =p1) - cviv, (po, p1)-

Since the copula density of (V;,V_;), ¢(+,), is identified from Corollary 1, we can identify

IP’(Y;(Ll) €c AV, =np, V., = pl) from Equation (19). This, in turn, implies that the
(1,1)

marginal treatment response function m; "’ (pg, p1) is identified.

We can apply the same procedure and obtain

82
- E|1{Y; € A}Di(1 — D_;) | P{(Z;, Z_;) = po, P-i(Z_s, Z;) =
2BV € VDL~ D) | P(Z7-) = po P21, 7) =]
=P(Y;(1,0) € A | Vi =po,V_i = p1) - cviv; (o, 1),
62
- E|1{Y; € A1 — Dy)D_; | P{(Z;, Z_;) = po, P-i(Z_s, Z;) =
0000 [1{ H )D—i | Bi( ) = po, P-i( ) =] 20)
:]P)(YZ(O? 1) €A | ‘/; = Do, V—i = pl) : CV.L-,Vfi(pOapl)a
82
5 E[1{Y; € A}Y(1 — D;)(1 — D) | Pi(Z;, Z—;) = po, P-i(Z_;, Z;) = p1]
p10po

=P(Y;(0,0) € A | Vi=po,V_i =m) - cvi v, (po, p1)-

We can then identify the remaining marginal treatment response functions from Equation
(20).

Based on results in Equations (19)-(20), MCSE!? (po, p1) and MCDE (pg, py ) is identified
for any d € {0,1} and pg,p; € P.

D.3 Identification With Exogenous Covariates

The identification results can be extended to settings with exogenous covariates. Let X; € R%
denote a vector of covariates that affect both the outcome and the treatment assignment for
unit ¢. For instance, unit ¢’s earnings and education choices may depend on the family
characteristics of both herself and her best friend in our leading example. Given (X;, X ;) =

x, D; = d, and D_; = d’, we model the potential outcome as

Y,;(x, d, d/) = Uda (X, Uz(d, d/>), (21)
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where the functions pi44 (-, -) are known and specified by the researcher, while U;(d, d") cap-
tures unobserved factors affecting unit ¢’s potential outcome under own treatment status
D; = d and the peer —i’s treatment D_; = d’. A common specification for jgq (-, -) assumes
additive separability and linearity in covariates: pgq (x, Ui(d,d )) = XPqq + U;(d,d').

We next introduce a potential outcome model that incorporates exogenous covariates.

Y; :D/i(XiaX—ia L1)D_; + Yi(X;, X_;,1,0)(1 — D—i)]Di
+ [Yi(X;, X_3,0,1)D_; + Yi(X;, X_;,0,0)(1 — D_;)] (1 = Dy), (22)
where W; = (X;, Z;) € R% x Rk,

Under Equation (22), we replace Assumption 1 with Assumption 16, which imposes

random assignment of both covariates and instruments.

Assumption 16. (Exogenous covariates and random assignment) The covariates X; and

the instruments Z; satisfy

(Xi7 Xfia Zi> Zfz) ui {(V;, Vfia U’L<d7 d/)a Ufi(da dI)? )}

de{0,1},d'e{0,1}

Under Assumptions 2, 3, and 16, the propensity score with exogenous covariates, defined
as B,(W;,W_;) =P(D; =1| W;, W_;), can be expressed as

P(D;=1|W; =wy, W_; =w)
=P (V; < hy(W;, W_;) | W; = wo, W_; = wy)
=P (Vi < hi(w, w') | W; = wo, W_; = wy) (23)
=P (Vi < hi(wo, w1))
—hi(w07w1)

given W; = wo, W_; = wy. Equation (23) demonstrates that, in the presence of exogenous
covariates, the propensity score P;(W;, W_;) continues to identify the threshold function h;
over its support P;.

Similar to Equation (17), we can identify the copula function ¢y, v_,(po, p1) as

P(D; =1,D_; = 1| P(W;, W_;) = po, Poi(W_;, Wiy) = p1)
:p(v < (Wi, W), Vg < h(W_i, Wy) | Pu(Wi, W) = po, Poi(W_;, Wi) = p1) 1)
=P(V; < po, Vi <p1 | B(Wi, W_;) = po, Pi(W_;, W;) = p1)
=P (Vi <po,V_i <p1),
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where the last equality holds under Assumption 17. Then, the copula density of (V;, V_;),
¢y, v_,(+,+), is identifiable provided that the copula Cy; v_, (-, -) is twice differentiable,

82
]P)(Dz - ]-7-D—i =1 ’ -PZ(VI/MW—l) = Do, P—i(W—iu Wz) - pl)
dp19po (25)

2
P(V; < po. Voi < p1) = cv,ve, (po, 1)-

- Op10py

(x,d,d") (

i

Po,p1) =
E[Yi(x, d,d) | Vi=po,V_; = pl} with covariates. Given the covariates and propensity scores

The last step is to identify the marginal treatment response functions, defined as m

of both units ¢ and her peer —i, we can express the following conditional expectation as

E[Yz‘Dz’Dﬂ' | (Xthi) = X7P<Wi7 Wfi) = Do, P(Wﬂ', Wz) = Pl]
=E[p11(x, Ui(1,1)) - 1{Vi < hy(Wi, W_)} - 1{V_; < hy(W_;, Wi)} |
(XiaX—i) =X, Pz'(VVi,W—i) = Po, P—i(W—ia Wz) = pl}
=E [p1(x, Us(1,1)) - 1{V; < po} - L{V_; < p1 } |
(Xi, X—i) =X, Pz’(I/Viy W—i) = Do, P—z’(W—ia Wz) = pl}
=E[p11(x,Ui(1,1)) - 1{V; < po} - 1{V_; < p1} ]

P1 Po
Z/ / E[Nn(X, Ui(L 1)) | Vi=1w,V_; = Ul}CVi,V,i(UOa"h)dUOdUla
0o Jo

where the second equality follows from Equation (23), and the third equality holds under
Assumption 16. If the conditional mean E[Y;D;D_; | (X;, X_;) = x, -, -] is twice differentiable,
and the marginal treatment response functions E[uqe (x,U;(d,d')) | -, -] are continuous at
(po, p1), then the marginal treatment response (MTR) function E[ui;(x,U;(1,1)) | Vi =

Po, V_i = p1] is identified by taking the cross-derivative as shown below:
02

Op10po

=E [p1(x,Ui(1,1)) | Vi = po, V_i = pi] C\/i,v_i(p07p1)-

EY:D;D_; | (X;, X_;) =x, B,(W;,W_;) = po, P_;(W_;, W;) = p1]

Therefore, the MTR function m(x’l’l)(po, p1) is identified, given that the copula density

is identified as in Equation (25). By analogous reasoning, the remaining MTR functions
(X’d’d,)(po, p1) are also identified for all d,d’ € {0,1} and x € R%. The marginal controlled

)

spillover and direct effects are obtained by taking differences between the marginal treatment
response (MTR) functions m§"’d’d’)(p0,p1) for d,d’ €0, 1.

m
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E Deriving Policy Relevant Treatment Effects with MC-
SEs and MCDEs

In this section, we identify the PRTEs under three types of common policy interventions
with identified MCSEs and MCDEs.

Case 1: Absolute increase by an exogenous value. Suppose there exists an alterna-
tive policy a’ € A that exogenously increases the propensity score of all units by a constant
e > 0, such that P = P® 4 ¢ and P?, P* < [0,1], for all i in every group. By taking the
difference between the expected outcomes under the two policies, E[Y;%] and E[Y;*], we can

express this difference as weighted average of MCDEs and MCSEs as follows,

1 1
E [Yi“' - Yﬂ} = / / {MCDEi(O;po,pl)lP’ (po—e < P <po, P*; < p1—¢€)
0 0

+ MCSE; (0; po, p1)P (PP < po — &,p1 — ¢ < P, < p1)
+ MCDE;(1; po, p1)P (po — £ < P{* < po,p1 < P%)

+ MCSE;(1; po, p1)P (po < P, p1 — e < P% < p1)

+ (MCDE;(1; po, p1) + MCSE;(0; po, p1))

P(po—e < P! <po,p1 —¢ < P < p1) }cm,vi(po,m)dpodpl

Once we can identify MCDEs and MCSEs, as well as the joint distributions of propensity
scores (P?, P%,) and unobservables (V;, V_;) over the full support [0,1] x [0, 1], the policy

relevant treatment effect can be point identified as
E[v - 7| /AP,

where AP denotes the proportion of groups in which at least one member changes treatment

status as a result of the policy shift from a to a’. This proportion is identified as

1 1

AP:/ / {P(po—esﬂ-“épo,P‘iiSpl—s)HP’(P{lSpo—s,pl—sSPfi<p1)

0 0
+P(po—e <P <po,p1 < P%)+P(po < Pfpr—e < P <py)

+P(po—e <P <po,p1 —e < P < py) }CVZ-,Vi(pmpl)dedpl-

We can also identify the PRTEs for cases where £ < 0, or where the policy shift affects
group members in opposite directions—for instance, ¢; > 0 and £_; < 0O—by applying

analogous derivations.
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Case 2: Proportional increase by an exogenous value. Consider an alternative
policy @’ € A that exogenously increases the propensity score of all individuals proportionally,
such that PY = P* + ¢(1 — P?) for all individuals i, where 0 < ¢ < 1 and P*, P* € [0,1].
Under this policy shift, we can identify the PRTE as E[Y* — Y;*]/AP, where

1 1 o o
B[y -] = [ [ {veommmp (525 < pr < pr < B2
0 0 1—¢ 1—¢

+ MCSE%(Oap()’pl)P (Pia S - 67 b c
l—¢ 1-—c¢

SPai<p1>

+ MCDE;(1; po, p1)P (plo —c < P! <po,p1 < P‘_li)

pll <Pa <p1)

+ (MCDE;(1; po, p1) + MCSE; (0; po, p1))

Pbo—¢ a b a
]P’( 0 — < PP < py, 11_ < P%, <p1> }Cm,v (Po, p1)dpodpn,

s [ [ (5 ememrmen
0o Jo 1—¢

— € —€
po < bo P1 < Pﬁi <p1)
b

+ MCSE;(1; po, p1)P (Po < Pf

+P

T l—e’1—-¢

p1

+
=

Po < Pa

+IP’(1°__§<P < po,p1 < P° )

<Pa <p1)
— &

+

P (plo < Pt < pg,pll_ <P < pl) }cm ;(Po, 1) dpodp:.

Case 3: Increase the instrument value. The third type of policy intervention involves
shifting the value of certain instruments. For example, consider a policy change where
the j-th component of the instrument is increased by e, such that P = P*(Z + ce;),
where e; denotes the unit vector in the j-th coordinate. In the previous policy changes,
the direction of the shift in propensity scores was known for all individuals, allowing us
to determine the corresponding changes in treatment responses across the entire range of
unobserved characteristics (V;, V_;). However, when we change the instruments, the effect on
propensity scores is not necessarily uniform—some individuals may experience an increase
in their propensity scores, while others may see a decrease. The heterogeneous shifts in
propensity scores introduce variation in group members’ treatment responses, making the

analysis more complicated. To address this problem, we decompose the expected outcome
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difference, E[Y," — Y%, as

E[Y" —Y?] =E[(Y" - Y-“)ll{P.“' > P, P, > P}
+E[(V - Y)L{P" > P, P, < P*}]
+E[(Y - Y"I{P" < P, P* > P"}]

+E[(V - Y)L{P" < P, P", < P"}],

K3 -1

with applying the law of total probability. Given that the distribution of P#(-) is identified
and P (Z) = P*(Z + ce;), we can also identify the joint distribution of (Pg, P, P%, P%)).

—
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We can solve each component in the above equation as
B[ = Y")I{P" > PP, P2 > P2}

1 1
= / / {MCDEi(o;pmpl)P(Pf <py < P¥.p > P% > P
0 0
+ MCSE;(0; po, p1)P(po > P* > P?, P%, < p; < P*)

+ MCDE;(1; po, p1)P (P < pp < PY.py < P < Pf;)

(]

+ MCSE;(1; po, p1)P(po < P* < P¥, P, < p; < P%)
+ ( MCDE;(1; po, p1) + MCSE; (0; po, p1) ) P(P < po < PP < pp < Pa;‘)}C\/;,V_i(pmpl)dedph
E[(Y" = YI{F = P, PY < P4}]
2/1 /1 { MCDE;(0; po, p1)P(P? < po < P, p1 > P*, > P%)
0 0
— MCSE;(0; po, p1)P(po > P > Pf, P", < p; < P%)

+ MCDE;(L; po, p1)P(Pf < po < P¥,py < P%, < P%,)

(]

— MCSE;(1; po, p1)P(po < P* < P¥, P%, < p; < P%)

+ (MCDEi(O;meI) — MCSE;(0; po, p1))P(P{ < po < PY,P% <p < Pa,;)}Cv;,v_i(po,pl)dpodpb
—YPY < P PY > Py

/ / { MCDE;(0; po, pl)]P’(P“ <po < P p > P“ > P“)

+ MCSE; (0; po, p1)P(po > P{ > P, P, < py < P%)

— MCDE@'(LPOapl)P(Pia, <po < F',p <P < P(_z;-)

)

+ MCSE;(1; po, p1)P(po < P* < P2, P%, < p; < P*)

+ (— MCDE;(0; po, p1) + MCSEi(O;pO,pl))P(Pf/ <po < PP <p < P‘_l;)}Cw,v_i(poam)dpodph
— Y U{P¥ < P, P% < P*}]

/ / { MCDE;(0; po, p1)P(P" < py < P?,p1 > P, > P

— MCSE;(0; po, p1)P(po > P > P, P%, < p; < P%)
— MCDE;(1; po, p1)P(PY < po < P,pr < P < P*)

)

—MCSEZ(Lpo,pl)P( <Pa <Pa Pa <p1<Pa)

— (MCDE;(1; po, p1) + MCSE;(0; po, p1))P(P* < po < P{, P%, < p1 < Pfi)}Cw,v_i(po’pl)dpodpl,
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which can be identified once we identify the MCDEs, MCSEs, and the copula density of
(‘/7:7 V—l) .
Finally, we can identify the PRTE in this case as E[Y;* — Y,%]/AP, where

AP:AP1+AP2+AP3+AP4,
1 1
A :/ / {P(Ba <po < P,pr > PY > PY) + P(po > P > B, PY < py < PY)
0 0
+B(P <po< Plpi S P4 S P) +P(po < B S PP < pr < P
+IED(PZ” < Do S Pf«')Pfi <p1 S Pa;)}cw,\/i(po,pﬂdpodpl,
1 1 / , l /
APQ:/ / {P(F)ia<p(]gpia,pl>Pai>Pai)+P(p0>Pia ZPia,Pfi<p1§P‘ji)
0 0
+P(P < po < PYpi < P < PY) +P(po < B < PP P < py < PY)
+ ]P)(-Pia < Po S P,L‘d',Pg;' < D1 S Pzi)}C‘/i7v_i(p0’p1)dpodpl’
1 1 , , , ,
A :/ / {P(P"a <po S Plpr> Pz PY) 4 P(po > PP > PYLPY < pu S PY)
0 0
FB(PY < < P < P < PR) 4 B(m < P < PP <y < )
+ P(Pial <Po < Pia’Pgi <p1 s Pa;)}cw’vi(poapl)dpodpla
A= / / { PP <po < Plopi> PL> P) 4 Bpo > PY > P PS < py < PY)
+P(P <py < Ppr < P% < PY) +P(po < PP < P PY < pr < PY)

—I— P(Pia’ < Po S Pa P‘l < P1 < P(_li)}C\/,-,V_i(poapl)dpodpl-

F Comparison With Relevant Literature

F.1 Breakdown of MTE causal validity: Proof

We can express E [Y;D; | p; (Z;) = po| as

E[Y:D; | F(Z;) = po]
=E[E[Y;D; | Pi(Z;) = po, P-i(Z_:) = p1] | Pi(Zi) = po)
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by applying the law of iterated expectations. The inner conditional expectation can be

further expressed as

E [Y‘D'Ds | Pi(Zi) = po, P-i(Z-i) = p1l

(1 - D—i) | P‘(Z') :p07P—i(Z—i) :Pl]
DIV, < hi(Z;, Z-) YUV < hoi(Z-i, Z3)} | hi(Zs, Z—) = po, h—i(Z—i, Z;) = p1]
(LOVIV; < hi(Zi, Z-) YUV > hei(Z-i, Z;)} | Pi(Zi, Z-i) = po, P-i(Z—;, Z;) = p1]
1)]1{‘/ < po}H{V=i < pr}] + E[Yi(1,0)1{V; < po}1{V_; > p1}]

E[Y;
[ i(1,
E[Y;
[Y;(1,
/ 1 1 | V = o, V—i = Ul] CVZ.7Vii(’l)Q,U1)dU0dU1

/ / Yi(1,0) | Vi = v, Vi = v1] ey, v, (vo, v1)dvodu;.

Therefore,

E[Y;D; | Pi(Z;) = po]
/ / / Yi(1,1) | Vi =00, Vo = v1] ey, v, (vo, v1) fo_ s Py=po (P1)dvoduvr dpy

/ / / Yi(1,0) [ Vi = v, Voy = vi] ev, v, (Vo, 01) fP_i | P=po (P1)dvodvrdpy

where fp_,|p—p,(-) denotes the conditional density of propensity score function P_; given
P; = po. If Y; is bounded, i.e., |Y;| < oo, then by Fubini’s theorem, we can interchange the

order of integration in the expression above, yielding the following result.
EYiD; | Pi(Z:) = po]
/ / / 1 1 | Vi=wo, Vo = U1] Cvi,v,i(?fo,vl)fp_i\Pi:po (pl)dvldpldvo

/ / / Yi(1,0) | Vi = vo, Voi = v1] ey, v, (Vo, v1) fp_ | Py=po (P1) dvrdprdug.

Suppose the above function is continuously differentiable with respect to py. In that case,
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we can apply the Leibniz integral rule to differentiate and obtain the following equalities,

o / / / Yi(1,1) | Vi =00, Vi = v1] ey, v, (vo, v1) fr_, | Py=po (P1)dvrdprdug
0
/ / 1 1 ’ Vi=po, Vi = U1] CVZ-,V,i(po,Ul)fp,i\Pizpo(pl)dvldM
Po 8
/ / / Yi(L,1) | Vi =vo, V_i = 1] CVi,V_i(Umvl)a_mfP,ﬂPi:po(pl)dUldpldUO
/ / Yi(1,1) | Vi = po, Voi = v1] ev, v, (Do, v1) fr_i pi=po (P1)dvrdpy + R,

ap / / / 1 0 | V UO) V—i = Ul] C‘/,L-7V7i (UO, Ul)fP7i|Pi:p0 (pl)dvldpldv()
0
/ / 1 O ‘ Vi=po, V=i = Ul] CVZ-,V,i(po, vl)fP,i|P¢=p0 (pl)dvldpl
p1
Po 5
/ / / 1 O ‘ Vi = Yo Voi= Ul] CVi,Vq(”Oa ’Ul)%fp—ﬂpi:po (pl)dvldpldvo
0
/ / Yi(1,0) [ Vi = po, Voi = vi] ey, v, (Po, v1) fr_ | pi=po (P1)dv1dp1 + Rao.
The terms Rq; and Ry are nonzero because cy; v, (vo,v1) # 0, and O fp_,p,=p,(P1)/Op0 # 0
given that P; and P_; are dependent as they are both functions of (Z;, Z_;).

Similarly, under the assumption that Y; is bounded and that E [Y;(1 — D;) | P;(Z;) = po]

is continuously differentiable with respect to py, we obtain the following equalities,

0
Gy BY(1 = D)) | P(Z) = o
/ / Yi(0,1) | V; = po, V_i = v1] ey, v, (Do, v1) fr_i | pi=po (D1)dv1dpr + Ron
/ / 0 0 ’ Vi=po, Vi = Ul] Cv, v (pO:Ul)fP_Z\P—po(pl)deldpl + Roos
0
Ro1 = Yi(0,1) | Vi = v, Voi = v1] Cw,v,i(UO,U1)a—fP_i|Pi:po (p1)dvidpiduy,
Po Po
0
Roo —/ / / Y;(0,0) | V; = vo, Vi = vi] ey, v, (onU1)gfp_i\&:po(pl)dmdmdvo-
0

By taking the difference between OE[Y;D; | P,(Z;) = po|/Opo and —OE[Y;(1 — D;) |
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P,(Z;) = po]/Opo, we would identify

1 P1
/ / E[Yi(1,1) = Yi(0,1) | Vi = po, Vos = 03] eviv, (9o, 01) f ey (91 )dvndpy
0 0

1 1
+ / / E[¥i(1,0) — Yi(0,0) | Vi = po, Ves = v1] evire (D> 01) f s oy (p1)drndipy
0 P1
+ R

where the bias term R is given by the sum of its components R4q, where d,d’ € {0, 1}, as
defined in the preceding derivations.

The first two terms correspond to the averages of the marginal controlled direct effects
for unit i, MCDE i) (py, v;) and MCDE i(%)(py, v;), weighted by the peer’s propensity scores
conditional on P, = py and the copula density of (V;, V—i). Since the bias terms, R, involves

the derivative 9
a—mfpfnpi:po(pl)a
it vanishes whenever this derivative equals zero for all py, i.e., when fp ,p—p,(p1) does not

depend on pg. This holds when the propensity scores P; and P_; are independent, which

occurs under two sufficient conditions:

1. The instruments Z; and Z_; are independent within each group.

2. The threshold function for unit i depends solely on its own instrument, h;(Z;, Z_;) =

Under these conditions, since the propensity score identifies the threshold function, it
follows that Pi(Z;, Z_;) = hy(Z;) and P_{(Z_;, Z;) = h_;(Z_;) almost surely. Since Z; is
assumed to be independent of Z_;, P, and P_; are independent, implying that the bias term

R equals zero.

F.2 Marginal Controlled Effects in the Absence of Spillovers

If spillover effects are absent in both income and treatment selection, which means that
V; AL V—i) E(Dz,d) == E(Dz,d/) = Y;(DJ, and hZ(Z“Z) == hz(ZzaZ/) = hz(ZZ), then our
identification results reduce to the standard MTE framework.

In this case, the propensity score identifies

]P)(Dl =1 ’ Zz = 20, Z,Z' = 21)
:IP’(V; < hi(z0) | Zi=2,2_; = 21)
=P(V; < hi(z0)) = hi(z0),
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which is the threshold function from the standard MTE setting, where peer instruments do
not influence individual treatment decisions.
Taking the cross-partial derivative of P(D; = 1,D_; = 1| P, = po, P_; = p1), the copula
density evaluated at the point (po,p1), cv, v, (po, p1), is identified as
82

—PDi:LD—izl Py =poy, P_; =
o e =)

82

- Op10po
2

P(ngo’v_igpl|Pz':pOaP—z‘:p1)

:aplapolp(vi < po, Vi < p1)

0
:—IP’(V < po)

0
e —P(V_;<p) =1

o

The copula density equals one since V; and V_; are independent. This aligns with the stan-

dard MTE framework, where the individuals’ unobserved heterogeneities are independent.
Finally, by taking the cross-partial derivative of E[Y;D;D_; | P; = po, P_; = p1],

82
E[Y,D;D_; | P = po, Pi =
Opodpy [ | Po pd
82
= Y14V, < v, P=py, P =
Opodpr E[Yi1{ potI{V_; < pi} | Do P
82
= E|lY;1{V; < 1{V . <
Ipodp1 [z{vz_po} {Vz_pl}}
Vi = v, Voi = vi]ev, v, (vo, v1)duod
3po(9p1/ / 1| vo; v e, v, (vo, v1)dvodvy

Poapl / / | Vi= UO} duodvr

e
—E[ | Vi= Po}

where the third line follows from Assumption 1, the fifth line holds because V_; is independent
with (Y;(d),V;), and the copula density equals to one. By analogous reasoning, taking the
cross-partial derivatives of E[Y;1{D; = d, D; = d} | P; = po, P_; = p1] identifies

82
OpoOp1
_E[ ( )|V po]

E[Y;1{D; =d,D; = d} | P, = po, P_; = p1]
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and the cross-partial derivatives of E[Y;1{D; = d,D_; = 1—d} | P; = po, P_; = p1] identifies

o2
OpoOp:

E[Y1{D:i =d.D_, =1~ d} | P, =po, P, = p1]

for d € {0, 1} and (po, p1) being an interior point of P. Then, it follows that the MCSEZ(-d) (po, 1)
is identified as
PE[Y1{D; = d} | P, = po, P = pi]

sgn(2d — 1) - D900 =0,

and the MCDEEd) (po, p1) is identified as

OPPE[Y,1{D_; = d} | P, = po, P_; =
sen(2d - 1) S P DA SR 2P gly(1) - i(0) | Vi= ]

One may interpret the model in Equation (1) as a standard MTE framework, treating
(D_;, Z_;) as covariates. This raises a natural question: can the marginal treatment response
(MTR) functions be identified using conventional MTE methods by conditioning on the
peer’s treatment status D_;?7 The answer is affirmative, provided that D_; is exogenous
with respect to unit ¢’s potential outcomes and unobserved heterogeneity. Specifically, this

requires the independence assumption
(Ziy Z—i; D) L A{(V;,Yi(d,d")) }aeto,1y.aref0,13- (26)

When this condition holds, the marginal treatment response functions conditional on the
individual’s own unobserved heterogeneity, E[Y;(d,d’) | Vi], can be identified using the stan-

dard MTE identification strategy, extended to include D_; as an additional covariate. For

instance,
0
_E }/;D'L PfL Zi7Z—i = ,D—i:dl
o | Bi( )=p ]
252 Yi(1,d) - 1{V; < p} | P(Z;,Z-;) = p,D_; = d
p
0

_a_p/O EYi(Ld) | Vi =] dv
—E[Y,(Ld) | Vi =4].

It is important to note that the second equality in the above derivation holds only if D_;
satisfies the independence condition in Equation (26).

However, the assumption of exogeneity for D_; is not realistic within our spillover frame-
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work. As illustrated in Figure 1, the peer’s unobserved heterogeneity V_; affects her treat-
ment D_; and may also be correlated with unit ¢’s unobserved confounder V;, thereby threat-
ening the exogeneity of D_;. In the marginal spillover setting, where V; and V_; are allowed to
be arbitrarily correlated, applying the standard MTE identification strategy by conditioning

on D_; would lead to

d
8]9 [ L z | l( iy z) p, i ]

:%E Yi(1,d) - 1{V; < p} | P(Z;, Z_;) = p, D_; = d']
d

P
o [(EDL) Vi 0. = 1 i)
P Jo

=E [}/;(17d/) | ‘/’L =D, D—i = d/] )

with the distribution of V; | D_; = d being normalized to follow a uniform distribution on
[0,1]. However, E[Y;(1,d") | V; = p, D_; = d'] is not equal to E[Y;(1,d’) | V; = p|, because
D_; is determined by V_;, which is dependent on Y;(d,d’) even conditioning on V;, as illus-

trated in Figure 1.

F.3 Comparing With Multivalued Treatments Literature

In this section, we compare the methods for identifying marginal spillover effects with the
framework discussed in Lee and Salanié (2018). We focus on the group level and consider
the treatment vector Dy = (D, D14), assigned to each group g. The treatment vector D,
takes values from the set {(1,1), (1,0),(0,1),(0,0)}, consisting of four elements. Therefore,
D, can be regarded as multivalued treatments assigned at the group level. To align with the
notation in Lee and Salanié (2018), we relabel the treatment vectors as follows: (0,0) = 0,
(0,1) =1, (1,0) = 2, and (1,1) = 3. Consequently, the treatment D, takes values from
{0,1,2,3} = D.

Each group is randomly assigned a continuous instrumental variable, with the instrument
vector for group ¢ denoted as Z, = (Zo,, Z14). Let Vi; € R represent the unobserved
characteristics of individual ¢ in group g¢, and let V, = (V{,, V4,) denote the vector of
unobserved heterogeneity for both individuals in group g. For simplicity, we omit the group
subscript ¢ from the notation. The parameters of interest in Lee and Salanié (2018), E(Y}, |
V =v) - E(Yw | V = v), where k # k' and k, k' € {0,1,2,3}, can be interpreted as
marginal controlled spillover effects and marginal controlled direct effects within the spillover
framework.

According to the model in Equation (1), we have
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1. D =0 if and only if Vj > ho(Z) and Vi > hy(Z).
2. D =1if and only if Vi > ho(Z) and V; < hy(Z).
3. D =2if and only if Vi < ho(Z) and V; > hy(Z).
4. D =3 if and only if Vi < ho(Z) and Vi < hy(Z).

It is straightforward to see that the treatment D is measurable with respect to the o-
field generated by the events {V; < Q;(Z)} for ¢ € {0,1}, which aligns with the selection
mechanism described in Assumption 2.1 of Lee and Salanié (2018). Furthermore, Theorem
3.1 in Lee (2009) is similar to our approach in identifying the joint density of unobserved
heterogeneity V' and the marginal treatment response functions, once the threshold functions
hi(Z) (denoted as Q;(Z) in Lee and Salanié (2018)) are identified.

However, in our setting, fewer assumptions are needed to point identify the thresholds.
Specifically, we only require that the instruments Z are randomly assigned at the group
level and do not directly influence the outcomes, without relying on the additional exclusion
restrictions on instruments imposed in Assumption 4.1 of Lee and Salanié (2018). This is
because we have more information on the observed treatments D, allowing us to identify the

marginal distributions of V and V; from the proportions of observed treatments:

Remark 8. (Monotonicity for each unit) When we focus on each individual unit ¢ within
a group, the monotonicity condition is satisfied. Specifically, consider any two vectors of
instruments, denoted as (2o, z1) and (2o, 21), where P;(zo,21) < Pi(Zy, 21). Under the mono-
tonicity assumption, this ordering of the propensity scores implies that the corresponding
potential treatments satisfy D;(zo, 21) < D;(Z0, 21). However, if we treat the entire group as a
single decision-making unit and reformulate the setting into a multivalued treatment model,
the monotonicity assumption may no longer hold. For instance, in the two-way flow model
discussed in Lee and Salanié (2018), when the proportion of D = 2 changes, it is unclear
whether the shift is driven by changes in hy or hy. In other words, shifts in either hy or hy
can induce changes in the proportion of receiving a given treatment, making it impossible
to distinguish between the two effects. As a result, the monotonicity condition is violated,

and the marginal distributions of V5 and V; cannot be identified.

In the multivalued treatment setting discussed in Lee and Salanié (2018), if we have

enough information on the observed treatment D that allows us to identify the threshold
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h;(Z) for each j € {1,---,J}, then we can point identify the joint density of V' and the
marginal treatment response functions in Theorem 3.1 of Lee and Salanié (2018). Specifically,
for each dimension j € {1,---,J} of the unobservable V', we need a subset of the support
of the treatments, ; C K, £ = {0,--- , K — 1}, such that

Zﬁ»-wwz —B(V; < 1y(2) | Z) = P(V; < h,(2)) = h,(2).

If IC; that satisfies the above conditions does not exist for some j, we can still partially
identify the threshold h;(Z). h;j(Z) can be partially identified as

Y P(D=k|2Z)<P(V;<hi(2Z)| Z)=P(V; < hj(Z)) <> P(D=k|2Z),
kEIC kGIC

where KC; is the largest subset Ej of I such that

Uer, & {D =k} € {V; < hy(2)},

kek; “k
and K; is the smallest subset I%; of K such that
(V) < (2)} U, g d D = k.

For example, in the two-way flow model discussed in Lee and Salanié (2018), we can
partially identify hi(Z) and hy(Z) as
h(Z)<P(D=0[2Z2)+P(D=2]|Z2),
PD=0|Z)+P(D=2|2).

G Derivations of Testable Implications

Corollary 1 establishes identification of the copula density. Because any valid copula density

must be nonnegative, this result directly implies a testable inequality restriction:

aZE[DiD—i | P; = po, Pi = 1

]
>0
OpoOp: -

if the cross-derivative correctly identifies the copula density. This constitutes one of the
testable implications.

In addition, the proof of Theorem 2 identifies the conditional joint distributions of poten-
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tial outcomes, P(Y;(d,d’) € Ay,Y_;(d,d') € Ay | V; = po, V_; = p1), weighted by the copula
density cv; v_,(po, p1). By the nonnegativity of both probabilities and copula densities, this
quantity must be nonnegative. Together with the inequality derived from the copula den-

sity, this yields a set of testable inequality restrictions that must hold for any Borel sets

A17A2 cy and all d € {O, ]_}

82
Op10po
=P(Y;(d,d) € Ay,Y_;(d,d) € Ay | V; = po, Vi = p1) ey, v, (Po, p1) > 0,
82
- Op10po
=P(Y;(d,1 —d) € A, Y_;(d,1 —d) € A | Vi = po, V_i = p1)cv, v, (po, p1) > 0.

E[1{Y; € A, € A}1{D; = d, D =d} | P = po, P = p]

E[1{¥; € A1,V € A} U{D;=d, Dy =1—d} | P =po, Py =p1| 20

It is worth noting that both the copula function and the marginal treatment response
functions are functions of the propensity scores rather than the instrument values themselves.
This feature implies an additional set of testable implications. In particular, if two distinct
pairs of instrument values, (29, z1) # (20, Z1), yield the same propensity scores, P;(2o,21) =
P;(20,21) = po and P_;(z0,21) = P_i(%, 21) = p1, then any identified quantities that depend
only on (pg,p1), such as the copula density or the marginal treatment response functions,

must be equal across these instrument values. This leads to the following testable equality

P(Di =1,D;,=1|Z;=20,Z_; = 21)
P(D; =1,D_; =1 P20, 21) = po, P-i(z1, 20) = p1)
]P)(Di =1,D_;=1 ’ Pz'(fo,fl) :po,Pfi(il,go) :pl)
P(D;=1,D_;=1|%Z;=7%,2_;="%),

since both conditional probabilities P(D; = 1,D_; = 1| Z; = 20, Z_; = z1) and P(D; =
1,D_;=1|2%Z;=Z2,7Z_; = Z) identify the copula function CYy; v_.(po,p1). Similarly,

E[1{Y; € A\,Y_; € AYU{D; =do,D_; =i} | Zi = 20, Z_; = 2]

= [H{Yi € A, Y ; € Ao} 1{D; = do, D_; = d1} | Pi(20,21) = po, P-i(21,20) = Pl]
[1{Y; € A1, Y_; € A} I{D; = do, D_; = dv} | Pi(%0,%1) = po, P_i(Z1, %0)
[IL{Y} € ALY € A} I{D; =do,D_; =di} | Z; = 20, Z_; = ,%1],

Pl]

since both conditional means E[1{Y; € A1,Y_; € A}I{D; =do,D_; =d1} | Zi = 20, Z_; =
z) and E[1{Y; € Ay, Y_; € A} 1{D; =dy,D_; = di} | Z; = 20, Z_; = 7| identify the same
integral of P(Y;(dy,d;) € Ay, Y_i(do,d1) € Ay | Vi = vy, V_; = v1) weighted by the copula
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density cy, v, (vo, v1), according to the proof of Theorem 2.

To conclude, these insights yield the sets of testable implications stated in Corollary 4.

H Proof of asymptotic results

H.1 Convergence rate of nonparametric cross-derivative estima-

tors

To simplify the notation, we introduce the following matrix definitions,

1 (pm—Po) (p01—p0)(1511—]?1) (p11—p1)3
Xp=| i : : : : :
1 (Poe—po) (f)oc—po) (plG_pl) (p1G—p1)37

Wh = diag (Kh(Pl —p),--- >Kh(]5G —P)>

D = [Dy Dy, -, DocDic]
Ui = [Uiaan, -, Uiawc]',

where X p is a G x 10 matrix of regressors used in the local polynomial regression, Wh is a
G x G diagonal matrix consisting of the kernel functions, D is a G x 1 vector entries Dy, D1y,
and Gidd’ is a G x 1 vector residuals Uiddrg as entries. Using this notation, we can express

the estimators 54(p07p1) and ¢4(d, d’; po, p1) derived in Section 3.1.1 as

o~

. . N o~
b4(p0,p1) = 6/5 (X/PwhchP) X;than?

. S o Nl S o
ea(d, d'spo, ;1) = e5(XpWie, Xp)  Xp Wi, Usaa,

where e5 is the 10 x 1 standard basis vector with a one in the fifth entry and zeros elsewhere.

We aim to characterize the asymptotic behavior of

o2
B OpoOp1

6; (X;thl}zp)_lx%whch E[Dongg | P()g = Do, Plg - pl} . (27)

We rewrite Equation (27) as

ei% (X}thlif’)_li%whm [D o D*] + ei’) (X/PWhGlXP)_IXIPWhGlD*
— 6/5 (X%thlxp)_l}z%WhGlXpD*
:6/5 (X/PwhcliP)_lijpwhcl [D - D*] + 6/5 (X%thlip)_li%whm [D* B XPD*}’
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and define D*, D, as

D>’< E[E[D(HDH | P()l,Pll], te 7E[DOGD1G | POGa-PlGulv
82
D. E[E[DOQDlg | POg:pOaplg:pl}v"' a—E[DOQDlg | Pogzpo,Pm:pJ,
OpoOp1

o3 /
) ap:aE[DOngg | POg :p07P1g :plﬂ )
1

where D* is a G x 1 vector consisting of the conditional means E[Dy,D1, | Pog, Pigl, 9 =

,G, and D, is a 10 x 1 vector comprising the partial derivatives of E[Dy,D1, | Pog

Po, Piy = p1] up to third order.
We apply Taylor series expansion to expand the conditional mean E[Dg,D1, | Pog, Pyl

around (pg, p1) and express it as
0
E[Dongg | P[)g = Do, Plg = pd -+ %E[DOngg | POg - p07plg = pl} (POg _pO)
0

0
+ _]E[DOngg | Pog = po, P1g = pl} (Prg —p1) + -+

Ip1

& ,

+ 68p3E[D09D1g ‘ POg = p(bplg = p1] (Plg _pl) + RP(PmPl)
1
0 . .
:E[DOQDlg | P()g = p07P19 = ] + a_OE[DOQDIg | P()g = p0>Plg = p1] [(POg - POg) + (POg —po)}

0 . .
+ o ]E[DOngg | Pog = po, Pig = pl} [(Plg — Piy) + (P —pl)} + -

93

~ ~ 3
68 SE[DOQDlg | FPog = po, P1g = pﬂ [(Plg - Plg) + (Plg —Pl)} + RP(po,]h)

where Rp(po,p1) represents the remainder terms from the Taylor expansion, and the last
step is to decompose (P, — p;) as [(Py — Pyg) + (Pyy — pi)], i € {0,1}. Noting that the gth
entry of [D* — )A(pD*] equals to

[D* = XpD.] =E[DoyDyy | Pog, Piy] —E[DogDig | Pog = po, Py = 1]

0 A
- a_E[DOQDlg | POg = Po,Plg = p1] (POg —po) -
Po
0° - 5
8 3E[D0ngg | Pog = po, Prg = P1] (Prg —p1)°,

we can leverage the expansion results to show

* v > s 4
[D* - XPD*]g = Op[g:{%%}éc | Pog — Pogl + max. [Py — Pl + hey
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The results in Section 3.1.2, combined with the boundedness of the kernel assumed in As-

sumption 9, imply that

||XP — XP” = op(1), whm — WhG1H =op(1),

where we define Xp and Wy, as

1 (P01—p0) <P01—p0)(P11—p1) (Pll_p1)3
Xp=| . . . :

U (Pg—p) - (Bo—m)(Po—p) - (Pio—p)
W, = diag (Kh(Pl —p), e ,Kh(PG—p)>.

Since (X};thlXp)_lX’Pthl = Op(1) by assumptions, it follows that

(X Wi, Xp) X Wy, = Op(1)
- eg (XIPW}LGIXP)_IXIPW}L(H [D* — XPD*]

:Op[ max | Py, — Py,| + max ]51 — P +h4]
g:lgggG‘ Og Og‘ g:lgggG‘ g g‘ G1

Additionally,
& (X Wi, Xp) ™ X Wiy, [D = D*] = & (X Wi, Xp) ™ Xp W, [D — D*][1 + 0p(1)].

By applying the results from Masry (1996), the term ef (X, W), Xp) A [D—-D]

converges at the rate Op[(GhS,)~Y/?]. the convergence rate of Equation (27) is given by

S o\ ler o 0?
€ (X/PwhchP) XpWie, D — 9 E[Dﬂngg | Pog = po, Py = pl}
PoOp1
=Op [(Gh&)‘” T+ max [Poy — Pyl + max [Py — Pyl + h‘él]

Furthermore, we can show that

5?2
mE[Uidd’g | Pog = po, Py = p1]

=€ (}zlpwhcl}zp) _1)2/13‘/7‘\7@1 [Uidd’ - Xi(de’ - ﬁdd’)}

LS TS ~ 13, o ~
65 (XPWhG1XP) XPthlUidd’ —

82
— —apoapl]E[Uidd/g | POg = Do, Plg = pl}
o~~~ ~ 4~ o~ 82 B
:ei’) (X/PWhGlxp) 1)(,P‘th(;l-[J’idd’ - apoapl]E[Uidd/g ‘ pOg = Do, Plg = pl] + OP(G 1/2)’
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where the last equation holds by (X;Whal}?p)‘lﬁggfvhm = Op(1), de/—ﬁdd/ = Op(G™1/?)

according to Theorem 3 in Carneiro and Lee (2009), and ﬁidd/, U,qa are defined as

A

- . / /
Uiaa = [Uigarr, -+, Uiaac]', Uigar = [Uidgarrs -+, Uidarc] -

o~ ~ 1o, ~
Then, the convergence rate of ef (X’PWhGlXp) XpW., Uigar can be proven as

o~ o~ ~ e, = ~ 62
e5(Xp Wi, Xp)  XpWie, Uiaw — 5-——E[Uiaarg | Pog = po, Prg = p1]
OpoOp1
=0Op [(th‘z)_lﬂ + gnéng |POg Pog| + g{fgféG |P1y — Prg| + hé?]

using an argument analogous to that used in the preceding analysis.

H.2 Asymptotic distribution of nonparametric marginal treatment

response estimators

Under Assumption 10, combined with conclusions in Masry (1996), we have

o*(d,d'; po, p1)
f(p07p1)

(Ghzs)"*{ (e, d'spo. pr) = eald,d'spo,pr) | N (0 (7T ),

82

apoaplE[Uidd’g | Pog = po, Py = p1],

ca(d,d’; po,p1) =

where o?(d,d'; po, p1) = Var(Uiaary | Pog = po, Piy = p1), and f(po, p1) denotes the density
of (Pog, P1y) evaluated at the point (pg,p1). The matrices M and I' are 10 x 10-matrices

composed of multivariate moments of the kernel functions K and K2, and are defined as

JudWlK(w)d(u)  [uiudK(w)d(u) -+ [uuiK(u)d(u) [uduiK(uw)d(u)
fu ud K (u)d(u) fu wK (u)d(u) --- fu uw? K (u)d(u) fu ud K (u)d(u)
M = ;
f“gui’K(U)d(u) f“éU%K(U)d(U) onUi’K u)d(u) f“gu?K(U)d(U)
Judul K2 (uw)d(u) [ uiud K2 (uw)d(u) - [uiuiK?*(w)d(u) [ufuiK?(w)d(u)
. fu ud K?(u)d(u) fu WK (u)d(u) --- fu u? K?(u)d(u) fu uS K2 (u)d(u)
fu0U1K2( )d(u) fu0u1K2( )d(u) f“oulKQ( )d(u fuou1K2( )d(u)

Since O*E[Dy, D1, | Pog = po, Piy = p1]/0poOp1 is bounded from above and away from zero
by Assumption 9 and by(po, p1) TN O*E[Doy D1y | Pog = po, Piy = p1]/0podp1 = ba(po, p1), it
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follows that
1

(th2>1/2 éa(d, d'spo,pr) — cald, d'spo, p1) p 57—
ba(po, p1)

4N (0 02<d: d’; po, p1) (M—lrM—l) >
(b4(po,p1))2f(po,p1) "

We can rewrite (GhﬁGQ)l/?{@(d, d';po, p1) — ca(d, d’;po,pl)}/l;4(p0,p1) as

« 1
(GhGGQ)l/Z éa(d, d's po,p1) — ca(d, d's po, p1) p 57—
ba(po, 1)
—(Ghe,) " ca(d d'spo.pr) _ cald dspo.pr) | caldidipo,pr) _ ca(dy dspo, pr)
o b4(p07p1) b4(p07p1) b4(p07p1) b4(p0,p1>
o6 \2) Gald,dpo,p1)  ca(d, d's po, 1)
—(G’hGQ) _ —
ba(po, p1) ba(po, p1)
d d/. ) d7 d,; )
+ (th2)1/2 C4<ba Do, 1) _ 04(A o, 1) _
4<p07p1) b4(p0,p1)

By applying Assumption 10 along with the results in Section 3.1.2, we obtain

1 1
b B = Op[(Ghiy) '],
o) gy~ Orl@e) ]

which implies that

~

(Gh¢ )1/2 ca(d, d’spo,pr)  cald, d's po, p1) = op(1)
2 ba(po, 1) ba(po, p1)

under the condition hge = 0(hg1). Therefore,

6 172 éa(d, dsposp1)  cald, d'spo, 1)
(Ghes) - .
ba(po, p1) 4(Po; 1)

1
:<th2)1/2 é4(d7 dl?]?oapl) - C4(d7 d/;P(J,Pl) — + OP(1)7
54(]90,]91)
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and the asymptotic distribution of estimated marginal treatment response function without

the covariate effect can be characterized as

6 \1/2 é4(d7 d/;po,p1> C4(d, d/;po,pl)
(Ghes) . :
ba(po, 1) (o, p1)

iw<0 o*(d,d'; po, p1) (MM )
(ba(po, 1)) f (po, 1) ”0

Finally, under the assumptions that ¢4(d, d’;po,pl)/l;4(po,p1) — c4(d, d'; po, p1)/ba(po, p1)
are asymptotically independent across different values of d,d’ € {0,1}, we can derive the

asymptotic distributions of M/CS\E(X, d;po,p1) as

(Gh602) i { M/C?E(x, d; po, p1) - MCSE(Xy d; po, pl) }

:(Gh602>1/2 [X, (Bdl — Bar) + ¥ (Bdo - 5do)}

12| (éa(d, Lipo,p1)  cald, 15 po, p1) 4(d,0;p0,p1)  ca(d, 05 po, 1)
+ (Ghes) " | (5 T )+ (55 T )
ba(po, p1) 4(Po, P1) ba(po,p1) 4(Po; P1)

ca(d, 1; d,1: éa(d. 0 d. 0:
:OP(l) + (Gh6G2)1/2 <C4(A ) 7p07p1) . C4<b ) 7p07p1>> + <C4<A ,O,po,pl) _ C4<b ,O,p(],pl))
b4(p07p1> 4(p0’p1) b4(p07p1> 4(p07p1)
2 . 2 .
iN(o,U (d,l,po,p1)+20 (d, 05 po, p1) erMl)%)’
(b4(p07p1)) f(p(bpl) ’

where the second equality holds because By — Bazr = Op(G~/2) applying Theorem 3 in
Carneiro and Lee (2009). Similarly, the asymptotic distribution of I\/I/CBE(X, d; po,p1) can

be derived as

(Ghﬁcz)l/2{1\/[/CS\E(X> d; po, p1) — MCSE(x, d; po,pl)}

2 ) 2 )
i> N(O, g (17d7p07p1) +2U (Oadup(]apl) (M—IFM—1)55> )
(ba(po, 1)) f (po, 1) ’

H.3 Consistency of the parametric first-stage estimator

For each i € {0, 1}, the function [(6;;d, w) is continuous in §; for all d € {0,1} and w € W.
Additionally, the parameter space ©; is compact and E[sup,,.ce. |[(6;; Dig, Wy)|] < 0o given
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Assumption 12, applying the uniform law of large numbers, we have
1 a.s.
sup | = Y U0 Dig, Wy) — B[1(6;; Dy, W,)]| “5 0,

as G — co. Define Q(60;) = E[l(6;; Diy, W,)] and Q¢ (6;) = 25:1 [(;; Dig, W,)/G. We can
derive . . . A
0 < Qi) — Q) = Qa(b:) — Q6:) + Q(bi0) — Qc(6:)
< sup |Qc(6:) — Q(6:)] + Qi) — Qc(bio)

91‘6@1'

<2 sup |Qqg(0:) — Q6;)]

9i€@i

a.s.

— 0,

as G — oo, where the second line holds because 0, maximizes the function Qc(0;). Since 0; is
the unique maximizer of Q(6;) and ©; is compact based on Assumption 12, QG(éi) 2 Q(0y0)
implies that HAZ 2% 0, as G — oo.

H.4 Consistency of the parametric second-stage estimator

We use Qg(p) and Qg(p) to define
1 n
QG(P) = E Z“P; Dg>Pg>a
(A -
Qalp) = 5 2_1(p Dy, y),

where ﬁg = (}A)Og, ﬁlg) is the vector of propensity scores estimated in the first stage. Then,

we can write

~

Qc(p) — Eli(p; Dy, Py)] ‘ S‘@G(p) - Qc(p)‘
+‘QG(/)) —E[l(p; Dy, Py)] ‘

Since I(p;d, p) is continuous in p for all d € {0,1}? and p € (0,1)%, p lies in a compact
interval, and ]E[SUPpe[—a,a] l1(p,0; Dg,Wg)H < oo under Assumption 13, the law of large

numbers implies that

sup |Qa(p) — E[l(p; Dy, Py)] | “5 0.

pE[—ee]
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Assuption 13 also assumes that there exists a function L(-) such that for all p € [—¢, ],

’Z(pS Dgaﬁg) - l~<p;Dgan)‘ < L<Dg)Hﬁg - PgH'

a.s.

Since |L(Dy)| < oo almost surely and Hﬁg - PgH — 0 by Lemma 4, it follows that
SUD pele ] |l~(p; D,, ﬁg) — l~(p; D,, Pg)‘ 230, which further implies

sup |Qa(p) — Qalp)| “3 0.
pElee]
Therefore, we have
up Qc(p) — E[l(p; Dy, Pp)]| 3 0.
pEEE

Since pg is the unique maximizer of E[[ (p; Dy, Pg)] and lies within a compact interval, by

the similar arguments in the proof of Lemma 4, we can derive p 3 py as G — oo.

H.5 Consistency of the parametric MTR coefficient estimates
Based on the identification results the third specification in Assumption 11, for each i € {0,1}
andge {17 7G}7

Yig]]-{DOg = d}]]-{Dlg = d/} = XPddg (O-/{L'dd’: ﬂz{dd’)/ + €idd' g

. - : / RY;
where the error term ;44 satisfies E[e;qary | X Pdd, | = 0. The vector of coefficients (o, By

is estimated by
A1 A / ! v -1 et
(aidd’> ﬁidd’) = (XPdd’XPdd’) Xpaa Yidd' s

where idd/ is defined as a GG x 1 vector with the g-th element as Yig]l{Dog = d}IL{Dlg = d’},
and X paar 1s obtained by substituting ﬁog, ]319, and p for the true values into Xpgy. Then,

we can write the estimated coefficients as

(&ogars Blaw)' = ()A( i X Pda) X (X paa (Agars Blaw) + Eiaar)

v/ v -1 / / / v/ v -1
=(Xpga Xpar)  XpagXpda (Vg Biaw) + (Xpaa Xpaw)  XpaaEida-

Let )A(pdd/ = Xpgs + Ag, where Ag is defined as a G x K matrix such that Ag =
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XPdd’ — XPdd" Then, we have

1l o 1
GX;Ddd’XPdd’ :E(XPdd’ + AG)/(XPdd’ + AG)

1

1 1 1
JN 1 /
EX;Ddd/XPdd’ :E(XPdd’ + AG) Xpddr

1 1

Applying the Cauchy-Schwarz inequalities, we obtain

1 [ Xpar|l2  [1Acl% as
a”XPdd,AGHF < \/ Péd I \/ g Lk — O,

since ||Ag||%/G %% 0, and || Xpaq||%/G is bounded almost surely by E[X%,., X pas] is non-

singular. Therefore, we should have

l s v 1 a.s.

avadd/XPdd' = aXl/Ddd/XPdd' + 04.5.(1) = E[X}:dd/gXPdd'gL
JES 1 a.s.

Xpar Xpar = 7 XparXpar + 04s.(1) = E[XpaargXpadg),

and then

1 ~ . -1 s, -1
(EX;Ddd’XPdd'> — (]E[X}dd/gXPdd’g})

by the continuous mapping theorem and the nonsingularity condition.

We can also express the term X5, €40 /G as

G G

5(\" 1 Eqdd! 1 ! 1 1
Pdd _ (XPdd’ + AG) Eidd = EX}dd,eidd/ + EA/G&’fidd/.

The first term X/Pddlgidd//G CLS? E[XllDdd/qeidd’g] =0 as E[Sidd’g | XPdd’g] = 0. Applylng the

Cauchy-Schwarz, the second term becomes

1 1 as.
< gl larl = 0

since [|[Ag||2/G %5 0, and ||eia||?/G is bounded almost surely by Var(giaag) = Gigarg < 00

G

I
=AGEidd

Thus, N
X paa€idd a.s.

G
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Combining the above results, we have
-1
A1 Al /a.s. / / / / ! / / /
(aidd/» Bidd’) (E [XPdd’gXPdd’g]) E[ Pdd’gXPdd’g} (az‘dd’v 5z‘dd’) = (aidd/a Bidd’) .

I Model With Continuous Treatment

I.1 Setting

An important extension of Section 2 considers settings in which the treatment D;, is continu-
ous. This extension broadens the applicability of our framework to a wide range of empirical
environments. For example, in education, students’ long-term outcomes may depend not
only on their own time of schooling or study intensity but also on the continuous education
investments of their peers, such as best friends or classmates. Similarly, in agriculture, a
farmer’s yield may be influenced by her own input choices, such as fertilizer use or irrigation
intensity, as well as by neighboring farmers’ continuous decisions that affect shared resources
such as groundwater or pest control. In both cases, treatment choices are endogenous, de-
pending on unobserved preferences, constraints, or abilities, while outcomes may be directly
affected by peers’ continuous treatments within the group.

For expositional clarity, we focus on the case where each group contains two units, ¢ = 0, 1,
while the identification results extend straightforwardly to settings with any finite number
of units per group. In this extension, the treatment for unit ¢ in group g, D;; € R, is a
continuous random variable. We formulate the following potential outcomes framework To
accommodate such treatments. Again, we suppress the group subscript g for notational

convenience.

(28)

Y, =g:(D;, D_;,U;,U_;)
-Di - h’l<Z7J Z—i7 ‘/;)

In Equation (28), the random variable V; € R represents private unobserved characteris-
tics, such as ability in education decisions or resource constraints in agricultural production,
that may simultaneously influence both the treatment D; and the outcome Y;, thereby gen-
erating endogeneity. To address this endogeneity, we introduce continuous instrumental
variables. Specifically, each unit i is assigned a vector of instruments Z; € R*. We allow
the endogenous treatment D; to depend not only on the individual’s own instrument Z;
but also on her peer’s instrument Z_;. This formulation accommodates the possibility of
spillovers in treatment assignment, where one individual’s instruments may affect both her

own treatment decision and those of her peers.
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In the outcome equation, we allow the individual’s outcome Y; to depend not only on her
own continuous treatment D; but also on the vector of continuous treatments D_; chosen
by her peers within the group. The random vector U; € R% captures the individual-specific
unobserved characteristics that affect outcomes, and we impose no restrictions on its dimen-
sionality. Moreover, we explicitly permit the outcome Y; to depend on the peers’ unobserv-
ables U_;. This formulation captures a rich set of spillover channels, as outcomes may be
influenced both by peers’ observed treatment decisions and by their latent characteristics.
For example, in education, a student’s earnings or academic performance may depend on
both her own study effort and her peers’ corresponding education investments. At the same
time, peers’ unobserved abilities or motivation may also affect individual’s outcomes through
collaboration, competition, or shared environments.

For the unobserved random variables (U;, V;), we impose no restrictions on their joint de-
pendence structure with (U_;, V_;) within each group, similar to the discrete treatment case.
This allows for arbitrary correlation in both outcome- and treatment-related unobservables
across group members.

In the continuous treatment setting, we maintain Assumption 3 and introduce two ad-
ditional conditions, Assumptions 17 and 18, to establish identification of the marginal con-

trolled spillover and direct effects.

Assumption 17. (Random assignment: continuous treatment) We assume that the instru-

ments assigned to each group, (Z;, Z_;), satisfy
(Zi7 Zfz) AL (Vtu Vfia Ui7 U,l>

Assumption 18. (Monotonicity of h;) Given z,z’ € R*, the treatment function h;(z, 7z, v)

is continuous and strictly monotonic in v.

In Assumption 17, we require that the instruments are randomly assigned at the group
level. Assumption 18 further imposes a monotonicity condition on the function h;(+), ensuring
that the treatment D; is uniquely mapped to the unobservable V; conditional on the instru-
ments (Z;, Z_;). Formally, given Z; = z and Z_;, = 7/, the equation D; | (Z;, =2z,7Z_; =7") =
hi(z,7',V;) can be inverted with respect to V;, yielding V; | (Z; =2z, Z_; =2') = h;,z,fl(Di).
Then, under Assumption 17, it follows that V; = h, Z_;l(Di). Without loss of generality, we
specify that h;(z,z’, v) is strictly increasing in v for all instrument values (z,2z’). The mono-
tonicity requirement on the treatment function h; is not an additional structural restriction
but instead a natural implication of the existence of a well-defined conditional distribution
of the treatment. As shown in Goff, Kédagni, and Wu (2024), if the conditional distri-

bution Fp,z, 7 , is strictly increasing and continuous, then the condition (Z;, Z_;) 1L V;,

103



together with Assumptions 3 and 18, follows naturally under a reduced-form interpretation
of the treatment selection equation. In particular, by defining h;(z,2',v) = Qp,|z,=2.2_,— (V)
and V; = Fp, 7.,z .(D;), where Qp,|z,=2,z_,—» denotes the quantile function of distribution
D;| Z; =2z,7Z_; =7, the treatment D; can be represented as a strictly increasing function
of the latent variable V.

1.2 Identification

Analogous to the discrete-treatment case in Equation (16), we define the propensity score
function under continuous treatments as P (D; < d | Z;, Z_;) = P(Z;, Z_;,d) given d € R.

Then, we have
P(z,2',d) =P (D; <d|Zi=2,7Z_;=12)

P(h(z,2,V;)<d| Zi=2,7Z_;=17)
<V<hzzf_ )| Zi = Z:Z—i:Z,> (29)
(V<h’ I )

=y (d),

where the second equality in Equation (29) is a direct implication of Assumption 18, which
guarantees invertibility of the treatment equation. The third equality holds under Assump-
tion 17, requiring random assignment of instruments. Finally, the last equality is implied by
Assumption 3, since the unobservable V; can be normalized to follow a uniform distribution
on [0, 1]. Denote the identified support of the propensity score P;(Z;, Z_;, D;) as P;.

After identifying the mapping hiZ,',Z,i_1<Di) for i € {0,1} within each group g, we can
identify the conditional distributions of potential outcomes by using the propensity score

functions P;(Z;, Z_;, D;) as control functions:

PY,eB|D;=d,D_;=d,P(Z;,Z_,D;) =p, P.i(Z_;, Z;,D_;) = p')

=P (g;(d,d,U;) € B| hi(Z;, Z_,V}) =d, h_(Z_;, Z;,V_;) = d,
Moz (d)=phz 5 (d) =)

=P (gi(d.d\U) € B| Vi =gz " (), Vo = b7, (@), (30)
Moz (@) =p.h7 57 (@) =)

P (g(d,d'U;) € B| Vi=p,Vei =P by 5~ (d) =p b0 (d) = )

=P (Yi(d,d) € B| V;=p, V=),
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where (d,d’) € R?, (p,p') € P;xP_;, and B denotes any Borel set in the sigma-field generated
by Y;. The first equality follows directly from Equation (29), which links the propensity score
to the inverse of the treatment function. The second equality is implied by Assumption 18,
which ensures that the treatment equation is strictly monotone in the unobservable and
hence invertible. Finally, the last equality holds under Assumption 17, since the instruments
(Z;, Z_;) are independent of the unobserved component U;.

Equation (30) provides identification of the marginal treatment response (MTR) function,

m“(p,p') S E[Y; (d,d) | Vi = p,Voi = p], (d,d) € R, (p,p) € Py x P,
by taking expectations over the identified potential outcome distributions, P(Y;(d,d’) € B |
Vi = p,V_; = p). Building on this result, the marginal controlled spillover effect (MCSE)
and the marginal controlled direct effect (MCDE) with continuous treatments are identified
as differences across the MTR functions, corresponding respectively to changes in peers’

treatments and in one’s own treatment while conditioning on latent characteristics (V;, V_;).

Theorem 6. (Identifying marginal treatment response) Consider the model in Equation
(28). Suppose that Assumptions 3, 17 and 18 hold. For any dy,d; € R? and (po,p1) €
P x P_i, mgdo’dl)(po,pl) is identified as

E|Y; | D; = do, D_; = dy, P{(Z;, Z_;, D;) = po, P_i(Z_, Z;, D_;) = p1],

where Py(z,z',d) =P(D; <d| Z;=2,Z7_;=12).

J Proofs for the Exposure Mapping Model

The individual propensity score P,;(Z,) can be used to identify her threshold function A (-):

P(Diyy =112, =2)
=P (Vig < hi(Z,) | Zy = 2)
=P (Vig < hi (2) | Zy = 2)
=P (Vig < hi (2))
=h; (2)

These equalities follow from two key ingredients. First, by normalizing the individual unob-
servable V;, to be uniformly distributed on (0, 1). Second, because the group-level instrument

Z, is randomly assigned, it is independent of the unobserved heterogeneity. Additionally,
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the group-level propensity score function identifies the inverse of the exposure function m:

P(H,<h|Z,=2)
=P (m (z, 5g)<h|Z =z)
=P (g < h)| Z, = 2)

=P (g, < (h))

m;l(h).

The second equality is implied by Assumption 15, which guarantees that the exposure map-
ping is strictly monotone in the group-level unobservable and therefore invertible. The third
equality follows from Assumption 14, which ensures that the instruments are randomly as-
signed and thus independent of group-level unobserved heterogeneity. Finally, the last equal-
ity results from normalizing the group-level unobservable €, to follow a uniform distribution
n (0,1).
Next, we use the individual- and group-level propensity score functions as control func-

tions to identify the conditional distribution of Vj, given ¢,

]P<ng =1 ‘ Hy=h Pzg(Zg) :p07Pg(ngHg> =p1)

=P (Vig < hi(Z,) | m(Zy:2,) = by hi(Z,) = po, m () = )
(mg 0| 29 = mz () hilZs) = po, mz (k) = 1 )
( = b1 1u(Zy) = o,z (h) = p)

=P (Vig <poleg=p1),

where the first equality follows from the identification of control functions, the second equality
is implied by the monotonicity of function m(-), and the last equality holds under the random
assignment of instruments Z,.

Given that the probability P(D;, = 1 | H, = h, P,y(Z,) = po, Py(Z,,H;) = p1) is
differentiable with respect to py, we can take derivatives to recover the conditional density

of the individual-level unobservable given the group-level unobservable, denoted fv; |, (-):

0

@pOP(Dig =1 | Hg = h, Pig(Zg) = Do, Pg(ng Hg) = pl) = f%g|8g=p1 (pO)-

Then, the marginal treatment response function, E[Y;,(1,h) | Viy = po,e, = p1], can be
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identified from
E [Y;'gDig | Hy=h, Py (Zg) = po, Py (Zg> Hg) = pi)
=E [Y;g]l{vig < hi(Zg)} | m(Zy,€4) = h, hi(Zy) = poamZ(h) = ])1}
=E [Yigl{vig <po}|eg= méj(h% hi(Z,) = pOamE;(h) = pl]
=E [Y;g]l{‘/;g <po}leg= P

Given that the function E[Y;,D;, | H, = h, P,y (Z,) = po, Py (Z,, H,) = p1] is differentiable
with repect to py and that the marginal treatment response functions are continuous, we can

differentiate this conditional expectation to obtain

0
8_]90]E [YigDig | Hy=h, Py (Zg) = po, I (ng Hg) = p1

=K [Y;g(l’m | V;g =Po, &g = pl] ) fVigIEg:m (po)'

By dividing both sides of the previous expression by the conditional density fy, |c,—p, (Po),
we can identify E[Y;,(1,h) | Viy = po,e, = p1] for h € R and (pg,p1) € P. Analogously, the

marginal treatment response function E[Y;,(0, ) | Vi; = po, £, = p1] can be identified as

0

3_E [Yig(l - Dig) | Hg = h, Pig (Zg) = Do, Pg (Zg’ Hg) = pl]/
Po
0

a_pOP(l - Dig | Hg = hvpig (Zg) = PO»Pg (Zg,Hg) = pl) .
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