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Motivation: Spillover Effects

@ Spillovers: Each unit’s outcome depends on others’ treatment (D_; — Y;)

@ Violation of SUTVA

> Y; depends only on D;, not on D_;

@ Further complication: Treatment D; may be endogenous

@ Goal: Study causal effects when there are spillovers and treatment is endogenous



Motivation: An Example

Spillovers within best-friend groups; no spillovers across groups
@ Researchers study how college completion (D;) affects later earnings (Y;)

@ Spillovers: Best friend’s college completion (D_;) — individual’s earnings (Y;)
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o Endogeneity: College decisions are not random

> Individual’s choice depends on unobserved traits (V;) that also affect earnings



Motivation: An Example

Spillovers within best-friend groups; no spillovers across groups
@ Researchers study how college completion (D;) affects later earnings (Y;)
@ Spillovers: Best friend’s college completion (D_;) — individual’s earnings (Y;)

o Endogeneity: College decisions are not random

> Individual’s choice depends on unobserved traits (V;) that also affect earnings

o Heterogeneity: The effects may differ across individuals

> Spillover effect (D_; — Y;) and direct effect (D; — Y;) may vary with unobserved V;



Treatment Effects With Heterogeneity: SUTVA case
Under SUTVA: Y; = Y{(D;)

Treatment effect varies with unobserved trait V;

E[Y;(1) - Yi(0) | Vi]

@ V;in aregion: Local average treatment effect (LATE, Imbens & Angrist, 1994)

> The return to education for individuals induced to complete college by the instrument

@ V;ata given value: Marginal treatment effect (MTE, Heckman & Vytlacil, 1999, 2001,
2005)

» The return to education for individuals with a given level of unobserved ability



Treatment Effects With Heterogeneity: Spillover case

Spillovers exist: Y; = Yi(D;, D_;)

Spillover effect and direct effect vary with unobserved traits (V;, V_;):

E[Yi(d,1) - Yi(d,0) | Vi, V-], E[Yi(1,d)-Y(0,d)| Vi V-]



Contribution of This Paper

This paper: a general framework to study heterogeneous treatment effects with spillovers

e (V;,V_j) in aregion: Local average treatment effect with spillovers

> Spillover and direct returns to college for individuals and friends whose college decisions
change because of the instrument

o (Vi, V_;) at given values: Marginal treatment effect with spillovers

> Spillover and direct returns to college that vary continuously with the individual’s and the
friend’s unobserved ability



Contribution: Marginal Treatment Effects With Spillovers

Identify marginal treatment effects with spillovers

@ Point identified nonparametrically using continuous instruments (e.g., peers’
parental background influencing educational choices)

o Can be aggregated to recover policy-relevant treatment effects (PRTE) with spillovers

@ Generalize the standard MTE framework to settings with spillovers



Preview: Application Results

Estimated spillover effect when individual completes college (peer’'s V = 0.5)
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Contribution: Generalized Local Average Effects With Spillover

General identification of local average treatment effects with spillovers

@ Applicable to discrete or continuous instruments
@ Characterizes the instrument variation required for point identification

@ With a binary instrument (e.g. cash transfer offer for college completion)
> Kang & Imbens (2016); Vazquez-Bare (2022); DiTraglia et al. (2023)

> Rely on one-sided noncompliance

> E.g., individuals cannot complete college unless receiving the transfer

@ More instrument variation is needed for less restrictive conditions



Related Literature

@ Peer effects with parametric models

> Manski (1993), Bramoullé, Djebbari, and Fortin (2009), Blume et al. (2015)

o Spillovers under randomized controlled trials

> Hudgens and Halloran(2008), Aronow and Samii (2017), Vazquez-Bare (2021)

o Spillovers with direct strategic interactions

> Balat and Han (2023), Hoshino and Yanagi (2023)

> Require that a unit’s treatment does not depend on peer’s instruments
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Setting

@ Consider ii.d. groups indexed by g
> Groups known, predetermined before treatment (e.g., best-friend pairs)
> Each group contains 7 units

> Spillovers exist within groups

@ For illustration, consider n = 2
> Unit indexed by i € {0,1}

> Extendableton > 2



Model and Key Variables

Yog = mo(Dog, D1g, Uog, Uig), Yig = m1(Dig, Dog, Uig, Uog)
DOg = ]l{VOg < ho(Zgg, Zlg)}/ D1g = ]l{Vlg < hl(Zlg/ ZOg)}

Observe (Yog, Y1g, Dog, D1g, Zog, Z14) in each group g
@ Outcome Yj; € R (e.g. earnings)

@ Treatment Dj; € {0, 1} (e.g. whether the individual completes college)
> Extendable to continuous treatments

o Instruments Z;, € R¥ (e.g. peers’ characteristics or cash transfer assignment)

Unobserved variables (Uog, U1g, Vog, Vog) in each group ¢
@ Outcome unobservable Uj; € R!

@ Unobserved confounder Vi, € R (e.g. unobserved ability)



Model: Outcome equation

YOg = mO(DOg, Dlg/ UOg/ Ulg)/
Y1g = m1(D1g, Dog, Uig, Uog)

@ Spillovers in outcome: Outcome Yj; depends on peer’s treatment D1 ¢



Model: Outcome equation

YOg = mO(DOgI Dlg/ UOg/ ulg)/
Y1g = m1(D1g, Dog, Uig, Uog)

@ Spillovers in outcome: Outcome Yj; depends on peer’s treatment D1 ¢

@ Flexible structure accommodates heterogeneous spillover effects in outcomes
> No functional assumptions on the outcome equations iy, m;
> Outcome Yj; depends on peer’s unobservables Uy ¢

> No dimension restrictions on unobservables (U()g, Ulg)



Model: Outcome equation

YOg = mO(DOgI Dlg/ UOg/ ulg)/
Y1g = m1(D1g, Dog, Uig, Uog)

@ Spillovers in outcome: Outcome Yj; depends on peer’s treatment D1 ¢

@ Flexible structure accommodates heterogeneous spillover effects in outcomes

> No functional assumptions on the outcome equations iy, m;
> Outcome Yj; depends on peer’s unobservables Uy ¢

> No dimension restrictions on unobservables (U()g, Ulg)

@ Define the potential outcome Yi,(d,d") = mi(d, d’, Uig, U1-ig)



Model: Treatment equation

DOg = Il{VOg < hO(ZOg/ Zlg)}/
Dig = 1{Vig < l(Z1g, Zog)}

@ Vi, continuous unobserved factor driving both treatment and outcomes

> No distributional restrictions on the joint dependence of Vg and V¢

> Treatment take-up depends only on V;, (private information)



Model: Treatment equation

DOg = Il{VOg < hO(ZOg/ Zlg)}/
Dig = 1{Vig < l(Z1g, Zog)}

@ Vi, continuous unobserved factor driving both treatment and outcomes

> No distributional restrictions on the joint dependence of Vg and V¢

> Treatment take-up depends only on V;, (private information)

@ Unit i’s treatment D;; does not depend on peer’s treatment D; ;¢

> Balat & Han (2023), Hoshino & Yanagi (2023): allow direct strategic interactions, but Z1_; ¢
cannot affect Djg
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> Accommodates shared or individual-specific instruments: Zgg = Z1¢ or Zog # Z14
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Model: Treatment equation

DOg = IL{VOg < hO(ZOg/ Zlg)}/
Dlg = ]]-{Vlg < hl(zlg/ ZOg)}

@ Dj; can depend on peer’s instruments Z;_;: Spillovers in treatment

> Accommodates shared or individual-specific instruments: Zgg = Z1¢ or Zog # Z14

@ Rationalized by a simultaneous incomplete information game (Aradillas-Lopez, 2010)

> Interpret /g, i1 as unit 0 and 1’s beliefs based on public signals (Zog, Zlg)

@ No functional assumptions on threshold functions hy, /11



Monotonicity in Treatment Selection

Dig = 1{Vi; < hi(Zog, Z14)} implies monotonicity in Djg(zo, z1) (cf. Vytlacil, 2002)

e Define propensity score: Pi(zo,z1) = P(Djg = 1| Zog = 20, Z1g = z1), i € {0,1}
@ Pi(zg, z1) identifies threshold function h;(zg, z1)

@ Observed propensity scores Pj(zg, z1) can be ordered

@ The order of Pi(zo, z1) = the order of Djg(zo, z1)

e For Zj; € {0,1}:
Pi(0,0) < Pi(0,1) < Pi(1,0) < Pi(1,1)

= D;i¢(0,0) < Dj(0,1) < Djg(1,0) < Di(1,1)



Assumptions

1. (Exogeneity) Instruments (Zqg, Z14) randomly assigned at the group level:

(ZOg/ Zlg) i (VOg/ Vlg/ uOg/ ulg)

2. (Exclusion) (Zqg, Z14) do not directly affect the outcome Yig, i € {0,1}:
Yig(do, d1,20,21) = Yig(do, d1, 2, 2))
for any zp # zj and z1 # 2]

3. (Continuity) Vj, is continuously distributed, normalized Unif(0, 1)

These assumptions are maintained throughout the talk
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Generalized local average effects

Definition (Generalized local average effects)

i. Generalized local average controlled spillover effects (LACSE):
LACSES" (P) = E[Y;(d,1) - Yi(d,0) | (Vo, V1) € P], P < (0, 1)?
ii. Generalized local average controlled direct effects (LACDE):

LACDE(P) = E[Y(1,d) - Y;(0,d) | (Vo, V1) € P] P c (0, 1)?

21



Identifying generalized local average effects

Theorem (Identifying generalized local average effects)

1. If two pairs of propensity scores, (po, p1) and (po, p}) € P, p] # p1, exist, LACSE for a specific
subpopulation can be identified

2. If two pairs of propensity scores, (po, p1) and (p(’), p1) €P, p6 # po, exist, LACDE for a specific
subpopulation can be identified

3. If both conditions in 1 and 2 hold, LACSE and LACDE for a specific subpopulation can be
identified

Idea: Relies on variation in the peer’s propensity score to identify the spillover effect, and
variation in the individual’s propensity score to identify the direct effect

22



Mapping Treatment Decisions to Unobserved Heterogeneity
(po,p1) € Supp(Po, P1): Do = 1{Vp < po}, D1 = 1{V1 < p1}

Figure: Treatment Realizations Correspond to Regions in (Vg, V1)

Vi !
1
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1
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Local Average of Potential Outcome
Observe E[Yy(1 — Dg)D1 | Po = po, P1 = p1]

Figure: Local average of potential outcome Y(0, 1)
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Propensity Score Variation

Observe (po, p1), (po,py), ] > p1:

Vi

P1

Figure: Local averages of Y(0, 1) given (po, p1), (po, p’l)
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Propensity Score Variation
Take the difference between local averages of Y((0, 1)

Figure: Local average of Y(0, 1) between (po, p1) and (po, p})
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Propensity Score Variation

Observe (po, p1), (po,py), P} > p1:

4

P1

Figure: Local averages of Y(0, 0) given (po, p1), (po, p’l)
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Propensity Score Variation
Take the difference between local averages of Y((0, 0)

Figure: Local average of Y(0, 0) between (po, p1) and (po, p})
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Identify Spillover Effects

Difference between local averages of Y(0, 1) and Y((0, 0)

Figure: Local average controlled spillover effect between (pg, p1) and (po, p’l)
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Identify Spillover and Direct Effects

With “rectangle” variations (po, p1), (po, p}), (1, p1) and (py, p7)
@ LACSE and LACDE are identified

Figure: LACSE & LACDE between (po, p1), (po, P}), (pj, p1) and (pg, p})
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Local Averages With Binary Instrument

o Identification relies on variation in propensity scores
> Change one unit’s propensity score while holding the other’s fixed

> Variation in propensity scores is induced by variation in instruments
@ Special case: binary instrument Z; € {0,1}

| Z1=0 Zi=1
ZO =0 (PO(O/ 0)/P1(0/ O)) (PO(O/ 1)/P1(1/0))

Zo=1 (Po(l, O)rpl(or 1)) (Po(l, 1)rP1(1r 1))

> One-sided noncompliance: Py (0, 0) = Py(0,1) = 0 = local average spillover effect for unit 0
> Returns to education: Individuals cannot complete college without receiving cash transfer

@ Without required variation, point identification with a binary instrument fails

31



Local Averages Not Point Identified With Binary Instrument

o If the propensity scores lack required variation in the support = need more variation
in the instruments

@ With continuous instrument variation, the previous idea identifies spillover and
direct effects over small neighborhood in the interior of propensity score support

@ Next: formalize this idea by introducing marginal contolled spillover/direct effect

32



Definition of Marginal Effects

With continuous variation in propensity scores: take limits p| — p1 and pj; — po

Definition (Marginal effects)
i. Marginal controlled spillover effect (MCSE):

MCSE\? (po, p1) = E[Y;(d, 1) - Yi(d, 0) | Vo = po, V1 = p1]
ii. Marginal controlled direct effect (MCDE):

MCDEY (pg, p1) = E[Y;(1,d) - Y;(0,d) | Vo = po, V1 = p1]
1

33



Definition of Marginal Effects

With continuous variation in propensity scores: take limits p| — p1 and pj; — po

Definition (Marginal effects)
i. Marginal controlled spillover effect (MCSE):

MCSE\? (po, p1) = E[Y:(d, 1) - Yi(d, 0) | Vo = po, V1 = p1
ii. Marginal controlled direct effect (MCDE):

MCDEY (pg, p1) = E[Y;(1,d) - Y;(0,d) | Vo = po, V1 = p1]
1

@ Define the copula between Vj and V7 as
Clpo,p1) =P (Vo < po, V1 < p1)

@ Define marginal treatment response (MTR) function

m ) (po, pr) = E[Yi(do, d1) | Vo = po, V1 = pi

33



Identifying Copula
Lemma: P(Dg = 1,D; = 1| Py = po, P1 = p1) identifies C(po, p1), (po, p1) € Supp(Po, P1)

Figure: Identify joint distribution of (Vg, V1)
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Identifying Copula Density

Lemma: P(D() =1,D;=1 | Py = po, P = pl) identifies C(po,pl), (po,pl) € Supp(Po, P1)

Assumption 4: (Continuous instruments) At least one component of (Zy, Z1) is continuous
o Taking cross derivative of C(po, p1) to identify copula density cv, v, (po, p1)

0”E [DoD1 | Py = po, P1 = p1]
Apodp1

= CVQ,V1 (p0/ pl)

if C(-, -) is twice differentiable
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Identifying Marginal Controlled Effects

Theorem (Identifying marginal controlled effects)
The marginal controlled spillover effects (MCSEs) are identified as

sgn(2d — 1) - PE[Yi1 {Di =d} | Po = po, P1 = p1] / 9*E[DoD1 | Po = po, Pr = p1]
& dpodp1 Ipodp1
The marginal controlled direct effects (MCDEs) are identified as

PE[Yi1{D1_; =d} | Py = po, P1 = p1] | 9*E[DoD1 | Po = po, P1 = p1]
sgn(2d —1) - o9 / 09

for d € {0,1} and (po, p1) in the interior of Supp(Po, P1)
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Identifying Marginal Controlled Effects

Theorem (Identifying marginal controlled effects)
The marginal controlled spillover effects (MCSEs) are identified as

O*B[Y;1{D; =d} | Po = po, P1 = p1] | 9*E[DoD1 | Po = po, P1 = p1]
2d—1)-
sgn( ) dpodp1 / Ipodp1
The marginal controlled direct effects (MCDEs) are identified as

O*E[Y;1{Dy_; =d} | Po = po, P1 = p1] | 9°E[DoDs | Po = po, P1 = p1]
2d—-1)-
sgn( ) dpodp1 / dpodp1
for d € {0,1} and (po, p1) in the interior of Supp(Po, P1)

Extension

@ Identify MCSE & MCDE with discrete instruments by imposing parametric
assumptions (Brinch et al., 2017), or apply methods similar to Mogstad et al. (2018)

@ Identification when groups differ in size



Policy Relevant Treatment Effects

Many PRTEs are identified as integrals of MCSE and MCDE

@ LACSE: Units with h;(zo, z1) < Vi < hi(z1,z) correspond to complier
E[Y;i(d1)-Y;i(d,0)|Ti=c,T_;=c]

1 h1(z1,20) /ho(ZLZo d | ( ) dood
S MCSE; (do; vo, v1) ¢v,, v, (vo, v1) dvgdor,
P(To=c¢,T1=0) Ju(z,21) Jho(zoz) ' o

h1(z1,z0)  ho(z1,20)
P(To=¢,T1=0¢)= /h cv,, v, (vo,v1) dvpdoy

h1(z0,21) (20,21)

@ Additional PRTE results: see paper
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Connection to Standard Marginal Treatment Effects

o Without spillovers

> Marginal controlled spillover effect = 0

> Marginal controlled direct effect = standard MTE: E[Y;(1) — Y;(0) | V;]

@ With spillovers standard MTE may lose causal interpretation

> MTE estimand identifies averaged MCDEs plus residual
> Residuals disappear only if:

® D; does not depend on peer’s instrument, and

¢ Instruments Zog and Zy4 are independent within group

38
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Parametric Estimation Procedure

Semiparametric results in paper: nonparametric convergence rate

Use parametric estimation when sample size is limited

Parametric Assumptions
1. D; = 11{% < hi(Z;, Z_;; 6)}, h; is a K-th order polynomial, 171- ~N(0,1)
2. Cy,,v, is given by Gaussian copula with correlation p, V; = (V)

3. The marginal treatment response function satisfies

E[Y;(d,d) | Vo=0vy, Vi =0v1] = Qigar,o + Qiga 1P (v0)
+@igw 2D (1) + iga 307" (09) @7 (1)

@ Point identify MCSE & MCDE with discrete instruments (cf. Brinch et al., 2017)

40



Parametric Estimation Procedure

First stage and second stage: Estimate polynomial parameters 6; and correlation p via
maximum likelihood

41



Parametric Estimation Procedure

First stage and second stage: Estimate polynomial parameters 6; and correlation p via
maximum likelihood

Third stage: Estimate outcome parameters oy through separate regressions
E[Y;1{D; =d,D-; = d'} | Pog = po, P1g = p1]
=aigar 015, (Po, 1, p) + igw 113y (Po, 1, p) + Qidwr 2155 (Po, P1, p) + idw 315 (o, 1, )
@ Iy terms are integrals tied to first- and second-stage estimands

@ Generated by plug-in estimators and Gauss-Hermite quadrature (fast, accurate
numerical integration)
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Parametric Estimation Procedure

First stage and second stage: Estimate polynomial parameters 6; and correlation p via
maximum likelihood

Third stage: Estimate outcome parameters oy through separate regressions
E[Y;1{D; =d,D-; = d'} | Pog = po, P1g = p1]

=aigar 015, (Po, 1, p) + igw 113y (Po, 1, p) + Qidwr 2155 (Po, P1, p) + idw 315 (o, 1, )

@ Iy terms are integrals tied to first- and second-stage estimands

@ Generated by plug-in estimators and Gauss-Hermite quadrature (fast, accurate
numerical integration)

Inference: Nonparametric bootstrap

@ Monte Carlo simulation shows consistency and correct coverage

41
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Application: Best-Friend Spillovers in Education Returns

Direct and spillover effects of returns to education within best-friend groups using Add
Health data

@ Best-friend pair: mutual best-friend nominations in high school
@ Outcome Y: Log of total personal yearly pre-tax income
o Treatment D: 1 if completed > 16 years of education, 0 otherwise

@ Instrument Z: Average parental education level of the individual’s non-best friends

> Peers’ parental backgrounds can influence college completion through self-confidence or
aspirations (Cools et al., 2022)

o Covariates X: Age, gender, race, health status, and family income

@ The sample comprises 1,019 best-friend pairs: apply parametric procedure
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Application: Assumptions

@ Best friends’ educational choices do not directly influence each other

> Decision depends on private education costs

44



Application: Assumptions

@ Best friends’ educational choices do not directly influence each other

> Decision depends on private education costs

o Family background of non-best friends is independent

> Reflects weaker social ties

> Reasonably independent after controlling for covariates
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Application: Assumptions

@ Best friends’ educational choices do not directly influence each other

> Decision depends on private education costs

o Family background of non-best friends is independent

> Reflects weaker social ties

> Reasonably independent after controlling for covariates

@ Family background of non-best friends does not affect outcomes

> Weaker social ties unlikely to shape long-term labor market outcomes

44



Application: Results

Positive dependence: Correlation between best friends” unobservables V; and V_; is 0.36

MCDE (d=1) given Peer’'s V=0.5 MCDE (d=0) given Peer’'s V=0.5

Effect
Effect

95% Cl
_15 ] == 0% ci

= Estimate = Estimate
109 . wre -—- MTE
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Oown Vv Own Vv

Parametric estimates of MCDE with 90% Cls (dark gray areas) and 95% ClIs (light gray areas)
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Application: Results

Effect

MCSE (d=1) given Peer’s V=0.5

301

—10 -

95% CI
B 90% CI
= Estimate
--- MTE

Oown Vv

MCSE (d=0) given Peer’'s V=0.5

—30 1

95% Cl
= 90% Cl
— Estimate
-—- MTE

0.2

0.4

Own Vv

0.6

0.8

Parametric estimates of MCSE with 90% CIs (dark gray areas) and 95% ClIs (light gray areas)
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Conclusion

@ Enable identification and estimation of heterogeneous direct and spillover effects
@ Consider local average controlled spillover and direct effects
@ Define and identify marginal controlled spillover and direct effects

@ Provide semiparametric and parametric estimation and apply to best-friend college
returns in Add Health

@ Several extensions are developed in the paper
> Identify MCSE & MCDE with discrete instruments
> Identify MCSE & MCDE with continuous treatment
> Identify MCSE & MCDE for groups of varying sizes
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Thank You!

I welcome your questions

Huan Wu
University of North Carolina at Chapel Hill

huan.wu@unc.edu
https://huanwu-econ.github.io/


https://huanwu-econ.github.io/
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Positioning in the Literature: Multivalued Treatments

View the group-level treatment vector as a multivalued treatment

@ The spillover setting is similar to the multivalued treatment framework in Lee and
Salanié (2018)

@ Lee and Salanié (2018) require an additional exclusion restriction on instruments

> Translated to spillover model: requires unit’s treatment not to depend on peer’s
instruments

@ Marginal effects are point identified without extra exclusion restriction in the spillover
model

@ The two frameworks are not nested
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Treatment response and structural functions

Yi¢(d,d’) generally serve as the reduced form of structural models with endogenous effects
® Y. (d, d’) is linear when structural functions are linear in treatments and outcomes

Yog =ap + a1Dog + a2D1g + a3Y1g + Uog + y1Uag,
Yi1g =o + f1D1g + P2Dog + B3Yog + Uig + y2Uog
ao + azfo + (a1 + a3P2)Dog + (@2 + a3B1)D1g
1-azfs
(1 + azy2)Uog + (y1 + az)Usg
1-asfs ’

_ Bo+Psao + (1 + B3az2)Dig + (B2 + B3a1)Dog
- 1-azfs

. (1 + B3y1)Uig + (B3 + y2)Uog

1-azfs !

- YOg:

Yig

azfz #1

@ Relations between treatment response and structural functions are unclear when structural
functions are nonlinear
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Simultaneous game with incomplete information

Player 1
D=1 D1 =0
Player0 Do=1 -Vo+ag, —Vo,0
-Vi+a
Dyp=0 0,-Vq 0,0

@ Information structure and beliefs
> V;is only privately observed by player i
> Zis a publicly observed vector of signals

> Each player forms a subjective belief Pr(Dg, D1 | Z)
@ Optimal decisions
Do=1{Vo < agPrg(D1 =1|Dg=1,2)}

Player 0’s belief, function of Z

D1 =1{Vi <a1Pri(Dp=1| D1 =1,2)}.

Player 1’s belief, function of Z

> Aradillas-Lopez (2010) gives conditions for the existence and uniqueness of equilibrium
beliefs



Local Averages Not Point Identified With Binary Instrument
Suppose that P;(1,1) > P;(1,0) > P;(0,1) > P;(0,0) (monotonicity)
@ Cannot point identify local averages of different potential outcomes for same subpopulation

P_;(1,1)

P_;(1,0)

P_;(0,1)

P_;(0,0)

Figure: Local averages without one-sided noncompliance

P;,(0,0) P(0,1) P(1,0) P(1,1)

Vi

V_i

P_;i(1,1)

P_;(1,0)

P_;(0,1)

P_;(0,0)

(0,2)

P;(0,0)

P;(0,1) P(1,0) P(1,1) V;
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Identifying decision threshold

D,'g =1 {V,'g < h(Zig, Z—ig)}

o Identifying h(-, -)

> Propensity score: Pj(z1,22) =P(D;j=1|Z; =21,Z_; = z3)

> Pji(z1,22) identifies h(z1, z2) under exogeneity and continuity

Pi(z1,22) =P(Vi < h(z1,22) | Zi =21, Z_; = 22)
=P(V; <h(z1,22))
=h(z1,22)
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Identifying copula density of unobservables
Dig =1 {Vig < h(Zig/ Z—ig)}

e Identifying copula density fv, v (-, )

v

Define C(p1,p2) =P(D; =1,D_; =1| P; =p1,P_; = p2)

v

C(p1, p2) identifies the copula of V; and V_;
Clpr,p2) =P (Vi <p1, Vi < p2)
> Taking cross derivative of C(p1, p2) to identify fy, v _,(p1,p2)

*C(p1,p2)

P E fviv_i(p1,p2)

if C(-, -) is twice differentiable

> The derivative requires continuous instruments
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Identifying marginal treatment response

Y= > Yid,d){D;=d}1{D;=d'}
d,d’ e{0,1}

@ Define marginal treatment response function mgdl ’dZ)(pl,pp_) =E[Yi(d1,d2) | Vi=p1, V_i =p2]
E[YiDiD—i | P; = p1,P-i = p2]
P2 p1
= [ [T o0 v o, dosdon
0o Jo

if ml(,l’l)(-, -) is continuous
@ Taking cross derivative of E[Y;D;D_; | P; = p1, P_; = p2] to identify mf.l’l)(pl, p2)

PE[Y:D;D_; | P; = p1,P_; = p2] 1
apZapl fVi,V,i (Plrm)

=" (p1, p2)

if B[Y;D;D_; | -, -] is twice differentiable
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Policy relevant treatment effect
Propensity score under policy a: P (Z?,Z‘{_i) =P (D? =1| Z?,Z’{_i)

@ Assumption (Policy invariances): Distribution of {(U“, u4,ve, V“)}
P ( y ) utt 07717 70" "1 d,d€{0,1}

is invariant with a
@ Two policies a,a’ such that P’ =pt 4 g, e>0
p 1 1

@ Policy relevant treatment effect is E [Y’l?’ - Y’l.l] /AP,

1 p1
E [Y? - y;?] - /0 /O {MCDEi(O;pO,pl)P(po —e <P <p, P <pi—¢)
+MCSE;(0; po, p1)P (P{ < po—&,p1 — € < P, < p1)

+MCDE;(1; po, p1)P (po — € < P§ < po,p1 < P2))

+MCSE;(1;po, p1)P (po < P{,p1—e < P?. <p1)

+ (MCDE;(1; po, p1) + MCSE;(0; po, p1))

P(po—¢e <P! <po,p1—e <P, <p) }Cvi,v,;(Pofpl)dpodpl
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Connection with local average effects

@ In the spillover setting, MCSE and MCDE can recover local average effects, but the reverse is
not true

@ Vazquez-Bare (2022) considers a similar setting with binary instrument Z; € {zo, z1 }
> Monotonicity: Dj(z1,21) > Dj(z1,20) > Di(z0,21) = Di(zo, z0)
> Define population types

Di(1,1) Di(1,0) Di0,1) D;(0,0) Type (T;)

1 1 1 1 always-taker(at)

1 1 1 0 social-interaction complier (sc)
1 1 0 0 complier (c)

1 0 0 0 group complier (gc)

0 0 0 0 never-taker (nt)

@ Partially identify type proportions and local average direct/spillover effects

> Hard to identify marginal effects by taking derivatives
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Connection with local average effects

@ Once identifying copula density and marginal effects
> Choose zg, z1 such that k; (zg, zo) < hi (zo,21) < hi (z1,20) < hi(z1,21)
@ Create a mapping from unobservable V; to type T}, e.g.,
T; = cif hi (z0,21) < Vi < hi (z1,20)
@ Identify the type proportions and relevant local average effects
> Probability that both units are compliers

h_i(z1,20)  phi(z1,20)
pt=et == [0 [ g o) dooden
h_j(zo,z1)  hi(z0.21)

> Local average spillover effects given both units are complier

E[Yi(do,1) = Yi(dp,0) | Ti=c,T-j =c|P(Ti=¢c,T-i =c)

~i(z1,20)  phi(z1,20)
/ /h MCSE; (do; vo, v1) fv;,v_; (v0,v1) dvodoy,

h_i(z0,21) i(20,21)
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Marginal Effects Without Spillovers

Without spillovers, marginal controlled effects are the same as standard marginal treatment effect

@ Suppose that Y;(D;,d) = Yi(D;,d’) = Y{(D;), hi(Z;, z) = hi(Z;, 2') = hi(Z;)
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Marginal Effects Without Spillovers

Without spillovers, marginal controlled effects are the same as standard marginal treatment effect
@ Suppose that Yi(D;,d) = Y(D;,d’) = Yi(Dy), hi(Z;, z) = hi(Z;,2') = hi(Z;)

@ The propensity score identifies
Pi(zo,21) = hi(zo)
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Marginal Effects Without Spillovers

Without spillovers, marginal controlled effects are the same as standard marginal treatment effect
@ Suppose that Y;(D;, d) = Yi(Dj,d’) = Yi(D)), hi(Z;,z) = hi(Z;, 2') = hi(Z;)
@ The propensity score identifies

Pi(zo,21) = hi(zo)

@ The differentiation of Cq(-, -) is
9*Cg (p1,p2) [9p20p1 =1
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Marginal Effects Without Spillovers

Without spillovers, marginal controlled effects are the same as standard marginal treatment effect

Suppose that Y;(D;, d) = Yi(D;, d') = Yi(D;), hi(Z;, z) = hi(Z;, 2') = hi(Z;)

The propensity score identifies
Pi(zo,21) = hi(zo)

@ The differentiation of Cq(-, -) is
9*Cg (p1,p2) [9p20p1 =1

Marginal controlled spillover effects are identified as 0

@ Marginal controlled direct effects are identified as standard MTE: E[Y;(1) - Y;(0) | V;]
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Comparison to Standard MTE

Standard MTE may lose causal interpretation if spillovers exist

o JE[Y; | P;i(Z;) = po] /dpo identifies averaged MCDEs plus some residuals
1 P
/0 /O MCDE; (1;p1, p2)fr, v, (70,91 fop=po (P1) donddpy

1,1
+ /0 MCDE; (0; p1, p2) fv;,v_; (Po, v1) fp_;|pi=p, (P1) dvrdp1
P1

+ residuals
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Comparison to Standard MTE

Standard MTE may lose causal interpretation if spillovers exist

o JE[Y; | P;i(Z;) = po] /dpo identifies averaged MCDEs plus some residuals
1 4
/0 /0 MCDE; (L; p1,p2) fv;,v_; (P0, 01) fp_;|Pi=p, (P1) dv1dp1
1 pl
+ /0 MCDE; (0; p1, p2) fv;,v_; (Po, v1) fp_;|pi=p, (P1) dvrdp1
p1

+ residuals

@ Residuals are generally nonzero

@ Residuals are zero when both conditions hold:

> A unit’s treatment decision does not depend on peet’s instrument

> The instruments Zye and Zyq are mutually independent within groups
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Testable Implications

Nesting inequality: Copula density and probabilities are nonnegative =

32
——FE[1{Y;€A1,Y_j€A}1{D;=d,D_;=d} | P; =pgy, P_; =
Ip19p0 [1{Y; 1 i 2} 1{D; i I Pi=po i=p1]
=P(Yi(d,d) € A1, Y_i(d,d) € Ay | Vi=po,V-i =p1)ev,v_(po,p1) 2 0,
32
- ———E[1{Y;€A,Y €A} 1{D;=d,D_; =1-d} | P; = po, P_; = p1]
Ip19po

=P(Y;d,1-d)eA,Y ;(d,1-d)e Az | Vi=po,V_i=p1)ev,v_(po,p1) 20
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Testable Implications

Nesting inequality: Copula density and probabilities are nonnegative =

32
——EJ[1 Y i ;= = ;= =
3P19P0 [ { i €AY 1€A2}]]-{Dz d,D_; d}lpz PO/P i Pl]
=P(Yi(d,d) € Ay, Y_i(d,d) € A2 | Vi=po,V_i=p1)cv,v_(po,p1) 2 0,
32
- ———E[1{Y;€A,Y €A} 1{D;=d,D_; =1-d} | P; = po, P_; = p1]
Ip19po

=P(Y;d,1-d)eA,Y ;(d,1-d)e Az | Vi=po,V_i=p1)ev,v_(po,p1) 20

Index sufficiency: For any (zg, z1) # (20,Z1) such that P; (zg, z1) = P; (29, 21), P—i (z0,21) = P—; (20, Z1),

E[1{Y;€A,Y €A} 1{Di=d,D_j=d'}|Zi=20,Z_i=z]|
=E []l {YieA,Y_jeAy}1 {D,‘ =d,D_; = d’} | Z; =%y,Z_; = Z]]

Extension: (i) prove sharpness; (ii) develop implementation
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Semiparametric Estimation Procedure

The data {(Yog, Y1, Dog, D14, Zog, Z1g) : § = 1, -+ , G} isiid.

Estimand:

_ ?E [Yiga | Po = po,P1 =p1] ,0*E[DoD1 | Py = po, P1 = p1]
Ipodp1 Ipodp1 ’
Yige = Yi1{Do =d, Dy =d'},i,d,d’ € {0,1}

mgd’d/)(;?o, p1)

@ Semiparametric estimation methods (Carneiro and Lee, 2009)

First stage: Estimate P(D; =1 | Zg = zp, Z1 = z1) using partial linear regression and series estimation
(Belloni et al., 2015)

Second stage: Estimate ml(.d'd,) (po, p1) using two local polynomial regressions
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Asymptotic distributions

Theorem: Under regularity conditions,

n ’ ’ d
(GhE)1/? m(-d’d)(Po,Pl)—mEd’d)(Po,m) = N(0, Vaa(po, p1))
1

o Limiting distribution of MCSEs & MCDEs can be characterized
(G2 (MCSEi(d; po, pr) - MCSEi(d;po, p1)) > N (O, Van (po, p1) + Vao(po, p1)
MCSE;(d; po, p1) = f?lgd’l)(Porm) - ﬁlgd’o)(i?o,m),
MCSEi(d; po, p1) = mgd’l)(r)o,m) - mf-d’o)(po,pl)
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First stage: Estimate propensity score
o Assume P(D; =1 | Zg = 29, Z1 = z1) = Pi(20, z1) is partially linear
Pi(z0,21) = @o1(z01) + - - + Poa(zoa) + @11(211) + - - + P14(210)
e Approximate ¢;; via a spline basis {py : k=1,2,...}
o Given a positive integer «, define regressors
P(z0,21) = [p1(z01), -+ pxc(zo1), - -+, p1(z1a), - -+, px(z10)]
@ Regress D; linearly on Py (zg, z1) to get f)i(zo, Z1)

@ Lemma: Under regularity assumptions in Belloni et al. (2015),

max
g=1,...,.G

pi (ZOgr Zlg) —-P; (ZOgr Zlg)| = op

1
K ngJrK_s]/

Kk — o0 as G — oo, k"/(m=2) log x/G = O(1) for any m > 2,
s: exponent of the Holder condition
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Second stage: Estimate marginal treatment response

Step 1: Estimate the denominator of estimand

J?E[DoD | P = po, P1 = p1]
Ipodp1

@ Conducting a local polynomial regression of order three with bandwidth g

G
min [DogD1g — bo — b1 (Pog — po) — -+ ba(Pog — po)(Prg — p1)

— = by(Prg - }71)3]2th1 (Pg - P)

by estimates 92E[DyD; | Py = po,P1 = p1]/9podp1
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Second stage: Estimate marginal treatment response
Step 2: Estimate the numerator of estimand

PE[Yiw | Po = po,P1 = p1]
dpodp1

@ Conducting a local polynomial regression with bandwidth hgy
mln Z [Yiawr — co = c1(Pog = po) = -+ - ca(Pog — po)(Prg — p1)

_...—Cg(P]g -p1) ] 1N (158 —P)
&4 estimates 9°E[ Y44 | Po = po, P1 = p11/9podp
(d,d

Step 3: Estimate marginal treatment response ;

')(po,m)

L (dd c
m,(-d Ypo,p1) = =
by
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Exposure to function of peer treatments

Yig = Yig (1,Hg) Dig + Yig (O,Hg) 1- Dig)
Dig =1 {Vig < h(Z,‘g)}
@ Group size ng can be large and heterogeneous

> E.g., groups can be defined as villages

@ Z; € RK is instrument randomly assigned to groups: the proportion of treated children in a
cash transfer program

® Zjg € R! is instrument received by unit i: whether the child i receives cash transfer and the
proportion of cash transfer assignment

@ Treatment Dj, € {0,1} depends on Zig and individual unobservable Vije: School dropout
depends on cash transfer assignment and individual ability
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Exposure to function of peer treatments

Yig = Yig (I,Hg) Dije + Yig (0, Hg) 1- D,‘g)
Djg=1 {Vig < h(Z,‘g)}
Hg = m (Zg, &g)

@ Hg : D¢ — Ris a known continuous exposure mapping
> E.g, Hg = Z?jl Djq /ng is the dropout proportion in a village
> Express Hg as a reduced-form function of (Zg, &)

@ ¢¢ € Ris a continuous group-level unobservable

> E.g., &g captures the group’s unobserved homophilic preference

> No restrictions on correlation between Vig and &g

@ Outcome Yj; € R depends on Dj, and Hg

> E.g., individual’s long-term outcome depends on her dropout status and the village
dropout rate
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Exposure setting assumptions

Additional assumption J

4. (Monotonicity) m(z, e) is continuous and strictly monotonic in e given z

e E.g., the village dropout rate monotonically decreases with the group preference for
attending high school, given instrument values

@ o= mz’l(Hg) by inverting Hy = m(z, &g) w.r.t. & given Z, = z
e Propensity score function identifies 1" (Hy)
8

@ Identify MCSEs and MCDEs using propensity scores as control functions
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Explicit reduced function of exposure level
Suppose that Hy = Z;‘El Djg/ng and Djg = 1{Vj, < h(Zg)}

Two types of individuals, Z¢: the set of individual indices in group g
@ Typel: Vig =¢g,i€ Igl c
© Type2: Vig=1-¢q,je I =TI\ I}
o 1I]1/\%] = e

@ & € (0,1): (i) captures the unobserved heterogeneity among group members; (ii) reflects the
proportion of individual type

g
Hg:;_g;‘Dig_ ZD’8+_2D18

ze]l ze[

=egl{eg < M(Zg)} + (1 — eg)1{1 — &g < W(Zg)} = m(Zg, &)

Generally, m(-, -) is an unknown reduced-form function, ¢ summarizes the group’s unobserved
characteristics
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Identification in exposure setting

o Identify threshold function ;(-)
Pig(z) =P (Dig =12 = z)

-p (V,»g <hi (Zg) | Zg = z) = I(2)

o Identify the inverse of m(-)
-p (eg <mz(h) | Zg = z) = mZ1(h)
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Identification in exposure setting

@ Identify conditional distribution of Vig | &g
P(Dig =11 Hg = I Pig (Zg) = po, Py (Zg, Hy) = pi |
=P (Vig < po | g = m3! (0, s (Zg) = po, m7} ) = pi |

=P (Vig < po | g = pl)

o Identify the density fy, |c,=p, (po) as

P)
i (Dig = 1| Hy = h, Pig (Zg) = po, Pg (Zg, Hg) = pl)

ifP (D, =1]-,-,-) is differentiable
g
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Identification in exposure setting
@ Define the marginal treatment response function as E [Yig(d, h) | Vig=po, €= pl]
> Take E [Y,'g(l,h) | Vig = po, eg = p1] as example
E [YigDig | Hg = h, Pig (Zg) = po, Py (Zg, Hg) = p1]
=E [Yig1 {Vig < po} | &g = p1]
> IfE [YigDig |-, - ] is differentiable

Jd
8_poE [YigDig | Hg = h, Pig (Zg) = po, Pg (Zg, Hg) = p1]

=E [Yig(1,h) | Vig = po, &g = p1] - fugleg=ps (PO)

@ MCSEs and MCDEs are identified from marginal treatment response functions
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Parametric Procedure: Estimation Bias

Estimation Bias

(0.40.6) (0.505) (0.6,0.4)

oug
Ll

Panel A1l: MCDE (n=1000)
0.106 0.100 0.075
0.007 -0.030 -0.072

-0.001

og
Ll

Panel A2: MCSE (n=1000)
0.036 0.078 0.121
-0.064 -0.051 -0.026

-0.001

Panel B1: MCDE (n=10000)
0083 0056  0.034
0017  -0010  -0.041

-0.0007

Panel B2: MCSE (n=10000)
0.030 0.048 0.076
-0.036 -0.018 0.001

-0.0007

Note: Monte Carlo simulations are repeated 500 times.
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Parametric Procedure: Coverage Rates

95% Confidence Interval Coverage Rate
(0.4,0.6) (0.505) (0.6,0.4) p

Panel A1l: MCDE (n=1000)
1092 094 0972
-0 0958 0962 096 0948

Panel A2: MCSE (n=1000)
D=1 0962 0972 0966
D=0 0968 0956 0954 0948

Panel B1: MCDE (n=10000)

D=1 0.938 0.948 0.954 0.94

D=0 0.936 0.948 0.946 :
Panel B2: MCSE (n=10000)

D=1 0.95 0.946 0.94 94

D=0 0.952 0.95 0.954 0.

Note: ClIs are based on 500 bootstrap replications. Monte Carlo simulations are repeated 500 times.
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